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Abstract
We provide concrete models for generalized morphisms and Morita equivalences of topo-
logical 2–groupoids by introducing the notions of crossings and crossed extensions of groupoid
crossed modules. A systematic study of these objects is elaborated and an explicit descrip-
tion of how they do yield a groupoid and geometric picture of weak 2–groupoid morphisms is
presented. Specifically, we construct a weak 3-category whose objects are crossed modules of
topological groupoids and in which weak 1–isomorphisms correspond to Morita equivalences in
the "category" of topological 2–groupoids.
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1 Introduction
A 2–groupoid is a strict 2–category ([2]) G in which all 1–arrows and 2–arrows are invertible. It is
the data of three sets G0,G1,G2 of units, 1–morphisms and 2–morphisms, respectively, structure
maps
G2
s2
⇒
t2
G1
s
⇒
t
G0,
a partial product and an inversion map on 1–morphisms making G1
s
⇒
t
G0 a groupoid, and two
partial products ⋆h and ⋆v respectively called horizontal and vertical compositions on 2–morphisms,
all verifying some coherence relations. Moreover, G2
s2
⇒
t2
G1 is a groupoid with respect to the op-
eration ⋆v. G is a topological 2–groupoid if G
0,G1,G0 are topological spaces and all the structure
maps as well as all the operations involved are continuous maps. For instance, every topological
groupoid G ⇒ X can be seen as a topological 2–groupoid with all identity 2–morphisms. Homo-
morphisms (resp. isomorphisms) of topological 2–groupoids are defined as strict 2–functors whose
components on the sets of units, 1–morphisms, and 2–morphisms, are all continuous maps (resp.
homeomorphisms). Also, there is a well known notion of equivalences of higher categories ([9])
which can easily be modified to adapt to topological 2–groupoids (see Definition 2.9). For instance,
suppose G ⇒ X is a topological groupoid and U = {Ui}I is an open covering of X. We form the
cover 2–groupoid G[U , 2]⇒ G[U ]⇒
∐
i Ui (see Example 2.3) by taking
G[U , 2] :=
{
(i1, i2, g, h, j1, j2) ∈ I
2 × G2 × I2 | t(g) = t(h) ∈ Ui1i2 , s(g) = s(h) ∈ Uj1j2
}
where Uij := Ui ∩Uj , and G[U ] := {(i, g, j) ∈ I ×G × I | t(g) ∈ Ui, s(g) ∈ Uj}. Then, the canonical
map
G[U , 2] ∋ (i1, i2, g, h, j1, j2) 7−→ gh
−1g ∈ G
defines an equivalence of topological 2–groupoids.
Unfortunately, such maps appear to be highly insufficient as a way to map 2–groupoids to one
another, for they rarely occur in practice. For instance, since (topological) groupoids are particu-
lar cases of (topological) 2–groupoids, it is natural to expect generalized morphisms of groupoids
([6,12,16]) to fit in some notion of generalized morphisms of topological 2–groupoids. This problem
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was addressed by C. Zhu who proposed a formal definition of generalized morphisms of n–groupoids
using a simplicial point of view ([18, §2.2]). Precisely, she defined a generalized morphism from G
to H to be a zig-zag of homomorphisms G
∼
←− G′ −→ H where the leftward one is a hypercover
(Definition 2.3 in ibid.). We shall note that in the case of 2–groupoids, Zhu’s generalized morphisms
correspond to what we have called weak homomorphisms in this work (Definition 2.13).
One of the original goals of this work was an attempt to investigate a more concrete picture
of what should be "generalized morphisms" and Morita equivalences of topological 2–groupoids by
laying out the whole problem on the framework of topological (1–)groupoids. We have reached this
goal by using the well known one-to-one correspondence between 2–groupoids and crossed modules
of topological groupoids, which led us to develop a systematic study of these objects. Crossed mod-
ules were first defined by Whitehead ([17]) for groups in order to study 3–type spaces. Recently
these gadgets have aroused much interest among mathematicians from various areas and have been
used, for instance, in twisted K-theory ([16]), differential geometry ([5]), groupoid symmetries and
actions on C∗–algebras ([3]), gr-stacks ([1]), etc.
A groupoid crossed module ([5, 16]) G with unit space X consists of a topological groupoid
G ⇒ X, a bundle of topological groups H −→ X, a strict homomorphism of topological groupoids
H
∂
−→ G, and a groupoid action by automorphisms of G onH; that is, for each arrow x
g
−→ y in G, an
isomorphism of topological groups Hy ∋ h 7−→ hg ∈ Hx, with the property that ∂(hg) = g−1∂(h)g,
and k∂(h) = h−1kh for h ∈ Hs(k). In particular, a crossed module of topological groups ([7, 14,17])
is a groupoid crossed module with one-object unit space. Any topological groupoid G ⇒ X can be
seen as a groupoid crossed module with H = X, ∂ being the inclusion map X −→ G, together with
the trivial action of G on X.
One can "unfold" a topological 2–groupoid G to get a groupoid crossed module G by taking
G to be the topological groupoid G1 ⇒ G0 and H to be the subspace of G2 consisting of all
2–arrows a ∈ G2 whose source s2(a) are identity 1–morphisms of the form 1x with x ∈ G
0. The
strict morphism ∂ : H −→ G1 is then given by the target map t2, while the groupoid action by
automorphisms of G1 on H is given by ag := 1g−1 ⋆ha ⋆h 1g for g ∈ G
1 and a ∈ Ht(g). Conversely,
given a groupoid crossed module, one forms the topological 2–groupoid H ⋊ G
s2
⇒
t2
G ⇒ X where
s2(h, g) = g, t2(h, h) = ∂(h)g, (h1, g1) ⋆h (h2, g2) = (h1h
g−11
2 , g1g1), and (h, g) ⋆v (k, ∂(h)g) = (hk, g)
(cf. § 3.4).
Now, given two groupoid crossed modules G1 and G2, a (strict) morphism χ : G1 −→ G2 is a
commutative diagram of groupoid strict morphisms
H1
∂1 //
χ

G1
χ

H2
∂2 // G2
satisfying a certain compatibility condition related to the groupoid actions. Such morphisms clearly
induce homomorphisms of the 2–groupoids obtained from the above construction and vice-versa.
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Moreover, we have weakened this definition by introducing various notions including transforma-
tions between strict morphisms, strong equivalences, Morita equivalences of groupoid crossed mod-
ules, and crosssings, and shown that they encode morphisms and weak morphisms of topological
2–groupoids.
More precisely, let G1 and G2 be groupoid crossed modules with unit spaces X1 and X2,
respectively. We define a crossing G
M
G2 to be a topological groupoid M ⇒ M
0, together
with two continuous maps
X1
τ
←−M0
σ
−→ X2
and a commutative diagram
H1[M
0]
τ∗∂1 //
α1
$$❍
❍❍
❍❍
❍❍
❍❍
G1[M
0]
M
α2
;;✈✈✈✈✈✈✈✈
β2
##❍
❍❍
❍❍
❍❍
❍❍
H2[M
0]
β1
::✈✈✈✈✈✈✈✈✈
σ∗∂2 // G2[M
0]
satisfying a number of axioms (Definition 4.2). For example, let G ⇒ X and Γ⇒ Y be topological
groupoids viewed as the groupoid crossed modules X −→ G and Y −→ Γ. Then, a crossing
M0 //
!!❈
❈❈
❈❈
❈❈
❈❈
G[M0]
M
α
;;①①①①①①①①
β
##❋
❋❋
❋❋
❋❋
❋❋
M0
==④④④④④④④④
// Γ[M0]
is nothing but a generalized map from G to Γ in the sense of [11]. We have shown the following
result (Theorem 4.16, Proposition 4.11 ):
There is a one-to-one correspondence between crossings of groupoid crossed modules and weak mor-
phisms of topological 2–groupoids.
Groupoid crossed modules form a weak 3–category XMod in which 1–morphisms are crossings,
2–morphisms are what we have called exchangers (§ 5.3), and 3–morphisms are morphisms of those
(Theorem 6.1). Coherently invertible 1–morphisms in XMod are called crossed extensions and,
as the terminology suggests, they generalize groupoid extensions (Example 3.6) and principal 2–
group(oid) bundles (see § 5.5). Moreover (as a consequence of Theorem 4.23), we have the following
characterization of Morita equivalences of topological 2–groupoids:
Let G,H be topological 2–groupoids, and let GG and GH be their corresponding groupoid crossed
modules. Then, G is Morita equivalent to H is and only if GG and GH are coherently 1–isomorphic
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in XMod.
Several concepts and results about crossed modules, topological 2–groupoids, and their mor-
phisms are presented in this work. Also, we shall note that it has come to our attention that our
notion of crossings covers butterflies which were defined only for discrete groups by Noohi in [13].
General plan. The paper is organized as follows: §2 is devoted to basic definitions and elemen-
tary properties about various kinds of morphisms of topological 2–groupoids. In §3, fundamental
elements of groupoid crossed modules are presented, transformations of their strict morphisms and
hypercovers are introduced. §4 is an introduction to crossings and crossed extensions; also their
composition called diamond product is defined. We go further to construct in §5 a 2–category
structure on crossed extensions by introducing a kind of weak morphisms we called exchangers
which generalize Morita equivalences of groupoid extensions. In §6 we give a complete description
of all the various compositions of crossed extensions, exchangers, and their morphisms, and then
construct explicitly the weak 3–category XMod of groupoid crossed modules.
2 Equivalences of topological 2–groupoids
In this section, we revisit topological 2–groupoids. Specifically, we give explicit definitions and
derive basic results on weak morphisms and weak equivalences between topological 2–groupoids.
2.1 Strict 2–groupoids revisited
Recall that a topological groupoid consists of a topological space G0 of units (or objects) x, y, z,
etc., and a topological space G1 of invertible arrows g : x −→ y between units, together with
• two continuous maps s, t : G1 −→ G0, the source and target maps, defined by s(g) = x and
t(g) = y, for g : x −→ y;
• a continuous map G1 ∋ (g : x −→ y) 7−→ (g−1 : y −→ x) ∈ G1, called the inverse map;
• a continuous embedding G0 ∋ x 7−→ 1x ∈ G
1, where 1x is the identity arrow x −→ x; and
• a continuous composition of arrows G(2) ∋ (g1, g2) 7−→ g1g2 ∈ G
1, where G(2) := G1 ×s,G0,t G
1
is the set of all composable pairs (g1, g2); that is, s(g1) = t(g2).
Moreover, the inverse map satisfies gg−1 = t(g) and g−1g = s(g) for all g ∈ G. We will use the
notation G ⇒ G0 for such a groupoid, and when there is no risk of confusion we will write G for G1.
As usual, for x, y ∈ G0, we denote by Gx,G
y, and Gyx, as the subspaces of G consisting of all arrows
with source x, with target y, and with source x and target y, respectively.
In this paper, by a 2–groupoid, we mean a strict 2–groupoid (see for instance [4, 14]); that is,
a strict 2–category ( [2]) in which all 1–arrows and 2–arrows are invertible. To unwrap this up, a
2–groupoid G consists of
• three sets G0,G1, and G2, whose elements are respectively called objects, 1–morphisms, (or
1–arrows), and 2–morphisms (or 2–arrows);
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• four maps G2
s2
⇒
t2
G1
s
⇒
t
G0 such that t ◦ t2 = t ◦ s2 and s ◦ s2 = s ◦ t2;
• a partial product G1 ×s,G0,t G
1 ∋ (g, h) 7−→ gh ∈ G1 with respect to which G1
s
⇒
t
G0 is a
groupoid;
• a partial product G2 ×s2,G1,t2 G
2 ∋ (a, b) 7−→ a ⋆v b ∈ G
2, called vertical composition, with
respect to which G2
s2
⇒
t2
G1 is a groupoid with source and targets maps s2 and t2, respectively;
• a partial product G2 ×s◦s2,G0,t◦s2 G
2 ∋ (a, b) 7−→ a ⋆h b ∈ G
2, called horizontal composition;
with the requirement that the coherence law
(a1 ⋆h a2) ⋆v (b1 ⋆h b2) = (a1 ⋆v b1) ⋆h (a2 ⋆v b2)
when the products make sense. Objects are represented by the letters x, y, z, etc., while 1–arrows
and 2–arrows in G are respectively represented by arrows and bigons as below:
y x
goo y x
h
ee
g
yy

a
Horizontal composition can then be visualized through horizontal concatenation of bigons as below
z y
h1
ee
g1
yy

a1 x
h2
ee
g2
yy

a2 7−→ z x
h1h2
hh
g1g2
vv

a1⋆ha2
and vertical composition is pictured through vertical concatenation of bigons as follow
y x
k
aa
hoo
g
~~

a

b
7−→ y x
k
ee
g
yy

a⋆vb
Definition 2.1. By a topological 2–groupoid it is meant a 2–groupoid G where G0,G1,G2 are
topological spaces, and all the structure maps are continuous; that is, s, t, s2, t2, all the composition
maps on G1 and G2, as well as the inversion maps of the groupoids G1 ⇒ G0 and G2 ⇒ G1 are
all continuous.
Example 2.2. Every topological groupoid G ⇒ G0 is a topological 2–groupoid with 2–morphisms
being all trivial (the identity map).
Example 2.3 (Cover 2–groupoid). Let G ⇒ G0 be a topological groupoid and U = {Ui}i∈I be an
open cover of the unit space. We form the cover 2–groupoid G[U , 2] as follows:
• the object space is the disjoint union
∐
i Ui = {(i, x) ∈ I × G
0 | x ∈ Ui};
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• 1–morphisms are elements of the space
G[U ] := {(i, g, j) ∈ I × G × I | t(g) ∈ Ui, s(g) ∈ Uj}
with inverse, source, and target maps respectively defined by
(i, g, j)−1 := (j, g−1, i), s(i, g, j) := (j, s(g)), and t(i, g, j) := (i, t(g));
• 2–morphisms space G[U ]2 is defined as
G[U , 2] :=
{
(i1, i2, g, h, j1, j2) ∈ I
2 × G2 × I2 | t(g) = t(h) ∈ Ui1i2, s(g) = s(h) ∈ Uj1j2
}
with inverse, source, and target respectively given by
(i1, i2, g, h, j1, j2)
−1 = (i1, i2, h, g, j1, j2);
s2(i1, i2, g, h, j1, j2) = (i1, g, j1); and
t2(i1, i2, g, h, j1, j2) = (i2, h, j2);
• composition of 1–morphisms is (i, g, j)(j, h, k) := (i, gh, k), when s(g) = t(h);
• horizontal composition of 2–morphisms is given by
(i1, i2, g1, h1, j1, j2) ⋆h (j1, j2, g2, h2, k1, k2) := (i1, i2, g1g2, h1h2, k1, k2)
and is defined for s(g1) = t(g2);
• vertical composition of 2–morphisms is
(i1, i2, g, h, j1, j2) ⋆v (i2, i3, h, k, j2, j3) := (i1, i3, g, k, j1, j3).
Two 1–arrows g and h with same source and target in G are said to be 2–isomorphic if there is a
2–arrow a : g =⇒ h.
Definition 2.4. A (strict) homomorphism φ : G −→ H of topological 2–groupoids consists of a
commutative diagram of continuous maps
G2
//s2
t2
//
φ2

G2
//s
t
//
φ1

G0
φ0

H2
//s2
t2
// H1 //
s
t
// H0
which respects all the obvious relations defining the 2–groupoid structures of G and H. We say φ
is a (strict) isomorphism of topological 2–groupoids if all the vertical arrows of the above diagram
are homeomorphisms.
It is immediate that the composite ψ ◦ φ = (ψ2 ◦ φ2, ψ1 ◦ φ1, ψ0 ◦ φ0) of two homomorphisms of
topological 2–groupoids G
φ
−→ H
ψ
−→ K is a homomorphism. We say the topological 2–groupoids
G and H are isomorphic if there are homomorphisms G
φ
−→ H
ψ
−→ G such that φ ◦ ψ = idH
and ψ ◦ φ = idG. For the sake of simplicity, we will remove the superscripts from the components
φ2, φ1, φ0 and denote all of them simply by φ.
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Example 2.5. Let G ⇒ G0 be a topological groupoid and U = {Ui}i∈I an open cover of G
0. Then we
get a homomorphism of topological 2–groupoids φ : G[U , 2] −→ G, where G is seen as a 2–groupoid,
by setting
φ2(i1, i2, g, h, j1, j2) := gh
−1g, (i1, i2, g, h, j1, j2) ∈ G[U , 2];
φ1(i, g, h) := φ2(i, i, g, g, j, j) = g, (i, g, j) ∈ G[U ];
φ0(i, x) := φ1(i, 1x, i) = x, (i, x) ∈
∐
i Ui.
2.2 Morita equivalences
Definition 2.6 (Transformation). Let G,H be topological 2–groupoids, and φ,ψ : G −→ H be
two homomorphisms. A transformation φ ψ is a continuous map v : G1 −→ H2 such that
(i) for every x ∈ G0, vx is an 1-arrow from φ(x) to ψ(x) in H;
(ii) for every 1–arrow x
g
−→ y in G, vg is a 2–arrow from ψ(g)vx to vyφ(g) in H; that is, there is
a bigon
ψ(y) φ(x)
vyφ(g)
ii
ψ(g)vx
uu

vg
(iii) for all chain of 1–arrows x
h
−→ y
g
−→ z in G, the following equality of 2–arrows is satisfied in
H
vgh = vg ⋆h 1v−1y ⋆hvh
(iv) for all bigon y x
h
ee
g
yy

a the diagram of 2–arrows below commutes in H2
s2
⇒
t2
H1
ψ(g)vx
vg +3
ψ(a)⋆h1vx

vyφ(g)
1vy ⋆hφ(a)

φ(h)vx
vh +3 vyφ(h)
Definition 2.7 (Strong equivalences). We say a strict homomorphism φ : G −→ H of topological
2–groupoids is a strong equivalence provided there exist a strict homomorphism ψ : H −→ G and
transformations u : φ ◦ ψ idH and v : ψ ◦ φ idG.
Lemma 2.8. Assume φ : G −→ H is a strong equivalence of 2–groupoids. Then the following hold.
(i) φ is injective on 1–arrows up to 2–isomorphisms; that is, if g, h : x −→ y are 1–arrows in G
such that φ(g) and φ(h) are 2–isomorphic in H, then g and h are 2–isomorphic in G.
(ii) φ is a homeomorphism on 2–arrows; that is, the map
G2 ∋ a 7−→ (t2(a), φ(a), s2(a)) ∈ G
1 ×φ,t2 H
2 ×s2,φG
1, (1)
is a homeomorphism.
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Proof. Let ψ : H −→ G, u : G1 −→ G2, and v : H1 −→ H2 be as in the definition. (i) Suppose we
are given a 2–arrow
φ(y) φ(x)
φ(h)
ii
φ(g)
uu

b
in H. Then y x
h
ee
g
yy

a is a 2–arrow in G, where
a := (ug ⋆v (1uy ⋆hψ(b)) ⋆v uh) ⋆h 1u−1x . (2)
(ii) First, note that from axiom (iv) in Definition 2.6 applied to the transformation ψ ◦ φ
u
=⇒ 1G,
if φ(a) = φ(a′) for two 2–arrows in G, then we get
(a ⋆h 1ux) ⋆v uh = ug ⋆v (1uy ⋆hψ(φ(a
′))) = (a′ ⋆h 1ux) ⋆v uh.
Therefore, a = a′ in G, and the continuous map (1) is injective. Clearly, the same axiom applied
to the natural transformation φ ◦ ψ
v
=⇒ 1H shows that when b and b
′ are 2–arrows in H such that
ψ(b) = ψ(b′), then b = b′. Now to see that the map (1) is surjective, it suffices to show that for a
2–arows of the form
φ(y) φ(x)
φ(h)
ii
φ(g)
uu

b
inH, we have b = φ(a) where a : g =⇒ h ∈ G2 is given by the formula (2). In virtue of Definition 2.6
(iv), we have the following commutative diagram of 2–arrows
gux
ug +3
a⋆h1ux

uyψφ(g)
1uy ⋆hψφ(a)

hux
uh +3 uyψφ(h)
But, by definition of the element a, we get
ug ⋆v (1uy ⋆hψ(b)) = (a ⋆h 1ux) ⋆v uh.
It follows that 1uy ⋆hψ(b) = 1uy ⋆hψ(φ(a)), hence φ(a) = b; which implies surjectivity. Moreover, it
is straightforward that the map
G1 ×φ,t2 H
2 ×s2,φG
1 ∋ (h, b, g) 7−→ a ∈ G2
is continuous.
Let us now recall a few notions about 2–categories (see [9, §1.13]). Two objects x, y in a 2–
category C are said equivalent provided there exists two arrows x
f
−→ y
g
−→ x and two invertible
2–arrows fg =⇒ 1y and gf =⇒ 1x. Let C and C
′ be 2–categories. A 2–functor φ : C −→ C′ is an
equivalence if
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• it is essentially surjective; that is, every object y in C′ is equivalent to an object of the form
φ(x) for some object x in C;
• it is fully faithful; that is, for all pair of objects x, y in C, the functor
C(x, y) −→ C′(φ(x), φ(y))
is an equivalence of categories.
For topological 2–groupoids, we give the definition below.
Definition 2.9 (Weak equivalences). A strict homomorphism φ : G −→ H of topological 2–
groupoids is said to be a weak equivalence if the following are satisfied
(WE1) the continuous map G0 ×φ,H0,tH
1 s◦pr2 //H0 is surjective;
(WE2) the continuous map G1 ×φ,H1,t2 H
2 ∋ (g, b) 7−→ (t(g), s2(b), s(g)) ∈ H
1[G0] is surjec-
tive;
(WE3) the diagram
G2
φ //
(s2,t2)

H2
(s2,t2)

G1 ×G1
φ×φ // H1 ×H1
is a pullback of topological spaces.
We will write G
∼
−→ H for a weak equivalence of 2–groupoids.
Remark 2.10. Note that, in particular, axioms (WE2) and (WE3) imply that φ induces a weak
equivalence of topological groupoids between G2
s2
⇒
t2
G1 and H2
s2
⇒
t2
H1 (see [11]).
Example 2.11. It is easy to check that for any topological groupoid G ⇒ G0 and an open cover U
of G0, the homomorphism φ : G[U , 2] −→ G defined in Example 2.5 is a weak equivalence.
Proposition 2.12. Strong equivalences of topological 2–groupoids are weak equivalences.
Proof. Suppose φ : G −→ G is a strong equivalence of topological 2–groupoids. Let ψ : H −→ G,
ψφ
u
=⇒ 1G, and φψ
v
=⇒ 1H be as in Definition 2.7. For y ∈ H
0, we have the 1–morphism
φψ(y)
vy
−→ y, hence s ◦ pr2(ψ(y), v
−1
y ) = y, which implies that φ satisfies axiom (WE1). Assume
now that (y, γ, x) ∈ H1[G0]; that is φ(x)
γ
−→ φ(y) is a 1–morphism in H. Let g ∈ G1 be the
1–morphism from x to y given by
g = uyψ(γ)u
−1
x .
Then, γ = s2(b) with φ(g) = t2(b), where the 2–arrow γ
b
=⇒ φ(g) in H is given by
b :=
(
vγ ⋆v (1vφ(y) ⋆hφ(1u−1y ⋆hug)) ⋆v v
−1
φ(g)
)
⋆h 1v−1
φ(x)
which shows that axiom (WE2) is satisfied. Finally, that axiom (WE3) holds for φ follows from
Lemma 2.8.
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Definition 2.13. Let G and H be topological 2–groupoids.
1. A weak homomorphism from G to H is a zig-zag chain of homomorphisms of topological
2–groupoids G
∼
←− G′ −→ H where K is a third topological 2–groupoid, the leftward arrow
is a weak equivalence.
2. We say that G and H are Morita equivalent if there is such a chain such that the rightward
homomorphism is also a weak equivalence. In this case we say that
G
∼
←− G′
∼
−→ H
is a Morita equivalence of topological 2–groupoids.
3 Groupoid crossed modules
3.1 Automorphism groupoids
Given a topological space Z, a right groupoid action of G ⇒ G0 on Z consists of
• a continuous map σ : Z −→ G0, called the moment map or generalized source map;
• a continuous map Z ×σ,t G ∋ (z, g) 7−→ zg ∈ Z, where
Z ×σ,t G = {z, g) ∈ Z × G | σ(z) = t(g)};
such that z(gh) = (zg)h for all (z, g) ∈ Z ×σ,t G, (g, h) ∈ G
(2), σ(zg) = s(g), and zσ(z) = z, where
we identify σ(z) with the identity arrow 1σ(z) in G. Similarly, one defines left groupoid actions with
moment maps τ : Z −→ G(0).
If a topological groupoid H ⇒ H0 satisfies Hx = H
x = Hxx for all x ∈ H
0, then H is a bundle
of topological groups over the object space H0. In such a case, we define the topological groupoid
Aut(H) //// H0 in which arrows from x to y are all isomorphisms of topological groups from
Hx to Hy; that is Aut(H)
y
x = Iso(Hy,Hx), and Aut(H) =
∐
x,y∈H0 Iso(Hy,Hx), where given
two topological groups A and B, Iso(B,A) is the space of all isomorphisms of topological groups
A
∼= // B equipped with the compact open topology.
An action by automorphisms of the topological groupoid G ⇒ G0 on the bundle of topological
groups H −→ G0 is a morphism of topological groupoids c : G −→ Aut(H). We will often write hg
for cg(h) when the action makes sense.
Definition 3.1. If G acts by automorphisms on H, the semi-direct product ([16])
H⋊ G //// G0
is the topological groupoid whose arrows are elements of the topological space
H⋊ G :=
{
(h, g) ∈ H × G | h ∈ Ht(g)
}
,
source and target maps s(h, g) = s(hg) and t(h, g) = t(h), respectively, and whose partial product
and inverse are (h, g)(k, f) = (hkg
−1
, gf) and (h, g)−1 = ((hg)−1, g−1).
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3.2 Crossed modules of topological groupoids
We recall the basics of crossed modules of topological groupoids and define some preliminary notions
we are going to use in the next sections.
Definition 3.2 ( [3, 16]). A crossed module of topological groupoids G consists of a quadruple
(G,H, ∂, c) where G ⇒ G0 is a topological groupoid, H is a bundle of topological groups over the
unit space G0, ∂ : H −→ G is a morphism of topological groupoids, and c : G −→ Aut(H) is an
action by automorphisms of G on H such that
1. ∂(cg(h)) = g
−1∂(h)g, for all (g, h) ∈ G ×t,G0 H,
2. c∂(h)(k) = h
−1kh, for all (h, k) ∈ H(2).
We will often omit the map c and write H
∂ ❄⑧G for the crossed module G.
Example 3.3. Let G ⇒ X be a topological groupoid and A
p
−→ X a G–module; that is, A
p // X
is a bundle of topological abelian groups equipped with an action of G by automorphisms with
moment map p. Then A
p ❄⑧ G is a groupoid crossed module with c being given by the G–action
on A.
Example 3.4. Let H
p // X be a bundle of topological groups. Then we form the crossed module
of topological groupoids H
Ad ❄⑧Aut(H) in the obvious way: for h ∈ Hx, Adh ∈ Iso(Hx,Hx)
is the inner automorphism of the topological group Hx; that is Adh(k) = hkh
−1 for k ∈ Hx.
It is clear that Ad is a morphism of topological groupoids. Moreover, we define the groupoid
action by automorphisms c : Aut(H) −→ Aut(H) by setting cf (h) := f ◦ Adh = Adf(h) ◦ f , for
f ∈ Iso(Hy,Hx) and h ∈ Hy.
Example 3.5. A particular case of Example 3.4 is when H is a G-bundle; that is, all the fibers
Hx = p
−1(x) are isomorphic to a fixed topological group G, and H is locally isomorphic to U ×G,
U an open subset of X. Then Aut(H) ∼= X ×Aut(G), hence the groupoid morphism Ad is given
by Adh = (x, adh) ∈ X ×Aut(G), for h ∈ Hx, where adh is the usual conjugation morphim in the
group G.
Example 3.6. Let G ⇒ G0 be a topological groupoid and A be a G–module. Let
A

 i // G˜
π // // G
be an extension of G (see [15]). We may identify the groupoid A // // G0 with its image i(A) in
G˜ //// G0 . Then G˜ induces a groupoid action of G by automorphisms on A by cg(a) := g˜ag˜
−1,
for s(g˜) = p(a), a ∈ A, where g˜ is any lift of g in G˜, that is π(g˜) = g. Furthermore, it is easy to
check that (G,A, π ◦ i, c) is a crossed module of topological groupoids.
Example 3.7. Let G ⇒ G0 be a topological groupoid. The inertia groupoid ( [16]) SG ⇒ G0 of G is
defined by
SG := {g ∈ G | s(g) = t(g)}
with the inherited structure maps from G. Then the source and target maps make SG into a bundle
of topological groups over G0 upon which G acts by automorphisms through the conjugation map
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Ad : G ∋ g 7−→ Adg ∈ Aut(SG). Moreover, together with the canonical inclusion ι : SG →֒ G,
(G, SG, ι, Ad) is a crossed module of topological groupoids which we will call the inertia crosssed
module of G and we will denote by SG.
Definition 3.8. A strict morphism of groupoid crossed modules χ : G1 −→ G2 is a pair (χ
l, χr) of
groupoid strict morphisms χl : H1 −→ H2, χ
r : G1 −→ G2 together with a commutative diagram of
topological groupoids
H1
χl

∂1 // G1
χr

H2
∂2 // G2
such that for all arrow g : x −→ y in G1, the following is a commutative diagram of topological
groups
Hy1
χl

(c1)g // Hx1
χr

H
χl(y)
2
(c2)χr(g)// H
χl(x)
2
Here the superscripts l and r refer to left and right, respectively. Such a strict morphism is called
a strict isomorphism if the vertical arrows of the above diagram are homeomorphisms.
In the sequel, we will omit the superscripts l and r and indistinguishably denote both strict
morphisms by χ.
We compose strict morphisms of crossed modules G1
χ
−→ G2
κ
−→ G3 in the obvious way.
Definition 3.9. Associated to every strict morphism of groupoid crossed modules
H1
∂1 //
χ

G1
χ

H2
∂2 // G2
with common unit space X1 = X2 = X, there is a topological groupoid H2 ⋊χ G1 ⇒ X called the
semidirect product groupoid associated to χ, and where the groupoid action by automorphisms of
G1 on H2 is with respect to the composition map G1
χ
−→ G2 −→ Aut(H2) (and the source and
target maps are s(h2, g1) = s(g1) and t(h2, g1) = t(g1)). When there is no risk of confusion, we will
just write H2 ⋊ G1
3.3 Pullbacks and projective product groupoids
Recall that if G ⇒ G0 is a topological groupoid and σ : Z −→ G0 a continuous function, the pullback
groupoid σ∗G ⇒ Z, also denoted by G[Z]⇒ Z when the map σ is understood, is defined as follows:
• the space of arrows is the fibered product
Z ×σ,t G ×s,σ Z := {(z1, g, z2) ∈ Z × G × Z | σ(z1) = t(g), s(g) = σ(z2)};
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• the target and source maps are t(z1, g, z2) = z1 and s(z1, g, z2) = z2;
• the inverse map is given by (z1, g, z2)
−1 = (z2, g
−1, z1), and
• the partial product is (z1, g, z2)(z2, h, z3) := (z1, gh, z3), when s(g) = t(h).
Proposition 3.10. Suppose G is a groupoid crossed module and σ : Z −→ G0 a continuous
function. Form the bundle of topological groups H[σ] −→ Z by setting
H[σ] := Z ×σ,s H := {(z, h) ∈ Z ×H | σ(z) = s(h) = t(h)}
with projection H[σ] ∋ (z, h) 7−→ z ∈ Z. Then, the operations
• σ∗∂(z, h) = (z, ∂(h), z), for (z, h) ∈ H[σ], and
• σ∗c(z1,g,z2)(z2, h) = (z1, cg(h)), for (z1, g, z2) ∈ σ
∗G, h ∈ Hσ(z2),
make H[σ]
σ∗∂ ❄⑧σ∗G a crossed module of topological groupoids with unit space Z. Furthermore,
the canonical projections H[σ] ∋ (z, h) 7−→ h ∈ H and σ∗G ∋ (z1, g, z2) 7−→ g ∈ G define a strict
morphism of crossed modules
H[σ]
σ∗∂ //

σ∗G

H
∂ // G
Proof. That the groupoid morphisms σ∗∂ : H[σ] −→ σ∗G and σ∗c : σ∗G −→ Aut(H[σ]) satisfy 1
and 2 of Definition 3.2 follows directly from the fact that (G,H, ∂, c) is a crossed module.
Definition 3.11. Given G = H
∂ ❄⑧G and σ : Z −→ G0 as above, the crossed module
H[σ]
σ∗∂ ❄⑧σ∗G
is called the pullback of G over Z through the map σ and denoted by σ∗G. When there is no risk of
confusion with the map σ, we will also write H[Z] for the bundle of topological groups H[σ], and
G[Z] for σ∗G.
Now, we will see that Morita equivalences of groupoids induces chains of strict morphisms of
crossed modules. More precisely, let G1 and G2 be two groupoid crossed modules whose base
groupoids G1 and G2 are Morita equivalent; that is there exist a topological space P and two
continuous maps
G01 P
τoo σ // G02
where τ : P −→ G01 is a locally trivial principal G2–bundle and σ : P −→ G
0
2 is a locally trivial
G1–principal bundle. Define the projective product groupoid of G1 and G2 over P as the groupoid
G1 ∗
P
G2 ⇒ P whose morphisms are quadruples (g1, p1, p2, g2) ∈ G1 × P × P × G2 such that
(g1, p2) ∈ G1 ×s,τ P, (p1, g2) ∈ P ×σ,t G2, and p1g2 = g1p2.
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The source and target maps of G1 ∗
P
G2 are s(g1, p1, p2, g2) = p2, t(g1, p1, p2, g2) = p1, and the
composition and inverse are
(g1, p1, p2, g2)(g
′
1, p2, p3, g
′
2) = (g1g
′
1, p1, p3, g2g
′
2), (g1, p1, p2, g2)
−1 = (g−11 , p2, p1, g
−1
2 ).
Similarly, we form H1 ∗
P
H2 ⇒ P to be the groupoid with unit space P whose morphisms
are triples (h1, p, h2) ∈ H1 ×s,τ P ×σ,s H2 such that p∂2(h2) = ∂1(h1)p, and whose source and
target maps are both given by s(h1, p, h2) = t(h1, p, h2) = p. Then H1 ∗
P
H2 is clearly a bundle of
topological groups over P . In fact, we have the following
Proposition 3.12. Let G1, G2, and P be as above. Then, together with the map
∂1 ∗
P
∂2 : H1 ∗
P
H2 ∋ (h1, p, h2) 7−→ (∂1(h1), p, p, ∂2(h2)) ∈ G1 ∗
P
G2
and the actions by of G1 ∗
P
G2 by automorphisms on H1 ∗
P
H2 −→ P given by
(c1 ∗
P
c2)(g1,p1,p2,g2)(h1, p1, h2) := (h
g1
1 , p2, h
g2
2 )
H1 ∗
P
H2
∂1∗
P
∂2
❄⑧ G1 ∗
P
G2 is a groupoid crossed module which will be called the projective product of G1
and G2 over P , and denoted by G1 ∗
P
G2. Furthermore, this construction is natural with respect to
morphisms of Morita equivalence and strict morphisms of crossed modules; that is, any morphism
of Morita equivalences P −→ Q induces a strict morphism of crossed modules G1 ∗
P
G2 −→ G1 ∗
Q
G2.
Proof. That G1 ∗
P
G2 is a crossed module is straightforward. Now if Q is another Morita equivalence
between G1 and G2, and f : P −→ Q a morphism of Morita equivalence; that is, f is a continuous
map that commutes with the groupoid actions of G1 and G2 on P and Q, then the strict morphism
of crossed modules G1 ∗
P
G2 −→ G1 ∗
Q
G2 is obtained through the strict morphisms of groupoids
G1 ∗
P
G2 ∋ (g1, p1, p2, g2) 7−→ (g1, f(p1), f(p2), g2) ∈ G1 ∗
Q
G2
H1 ∗
P
H2 ∋ (h1, p, h2) 7−→ (h1, f(p), h2) ∈ H1 ∗
Q
H2
Proposition 3.13. Let G1 and G2 be two groupoid crossed modules and G1
P
−→ G2 be a Morita
equivalence of the base groupoids. Then there exist a crossed module G and two strict morphism
G1 G
oo // G2
which are natural with respect to morphisms of Morita equivalences.
Proof. Take G := G1 ∗
P
G2. Then, the canonical projections give the commutative diagrams
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H1
∂1 // G1
H1 ∗
P
H2
pr1
OO
∂1∗
P
∂2
//
pr3

G1 ∗
P
G2
pr1
OO
pr4

H2
∂2 // G2
which are easily checked to satisfy the the axioms of strict morphisms of crossed modules. These
data being natural with respect to morphisms of Morita equivalence follows from the projective
product over a Morita equivalence being natural.
3.4 Crossed modules vs 2–groupoids
Let G = H
∂ ❄⑧ G be a crossed module of topological groupoids. Then we form the topological
2–groupoid G as the 2–groupoid
H⋊ G //s2
t2
// G //s
t
// G0
where the semidirect product H⋊G ⇒ G is equipped with the structure of a tolopological groupoid
with unit space G with source, target, and inverse maps
s2(h, g) := g, t2(h, g) := ∂(h)g, (h, g)
−1 := (h−1, ∂(h)g), (h, g) ∈ H⋊ G;
and where compositions, when defined, are given by
(h1, g1) ⋆h (h2, g2) := (h1h
g−11
2 , g1g2), (h, g) ⋆v (k, ∂(h)g) := (hk, g).
We call G the (topological) 2–groupoid associated to the groupoid crossed module G, and will
be sometimes denoted as GG. The topological groupoid H ⋊ G ⇒ G will be called the vertical
semidirect product groupoid. Moreover, it is easy to see that this construction is natural with
respect to strict morphisms of crossed modules and strict homomorphisms of 2–groupoids; that is,
if χ : G1 −→ G2 is a strict morphism of crossed modules, then the diagram of homomorphisms of
topological groupoids
H2 ⋊ G2
//s2
t2
//
χ×χ

G2
//s
t
//
χ

G02
χ

H1 ⋊ G1
//s2
t2
// G1
//s
t
// G01
commutes, hence χ induces a strict homomorphism χ : G1 −→ G2 between the associated topo-
logical 2–groupoids.
Conversely, suppose G is a topological 2–groupoid G2 ⇒ G1 ⇒ G0. Then, associated to G,
there is a crossed module of topological groupoids G defined as follows:
• we set G to be the groupoid G1 ⇒ G0;
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• the bundle of topological groups H −→ G0 is defined as the subspace of G2 consisting of all
the 2–morphisms of the form
x x
g
aa
1x


a
with the obvious projection onto G0: a 7−→ s(t2(a)) = t(t2(a)), a ∈ H;
• the groupoid morphism ∂ : H −→ G is ∂(a) = t2(a); and finally,
• the groupoid action by automorphisms c : G −→ Aut(H) is given by
cg(a) = a
g := 1g−1 ⋆ha ⋆h 1g, g ∈ G, a ∈ H
t(g).
Lemma 3.14. Let G be a topological 2–groupoid and G its associated crossed modules of topological
groupoids. Denote by GG the 2–groupoid associated to G. Then there is a strict isomorphism of
topological 2–groupoids
G
∼=−→ GG
which is natural with respect to strict morphisms; that is, if G = H ❄⑧ G as above, then there
is a strict isomorphism of topological 2–groupoids
G2
//s2
t2
//
φ

G1
//s
t
//
φ

G0
φ

H⋊ G //s2
t2
// G //s
t
// G0
Proof. We get the isomorphism of topological 2–groupoids by setting for a bigon y x
γ′
aa
γ


b ∈ G2:
φ(b) := (b ⋆h 1γ−1 , γ) ∈ H⋊ G,
and for (a, g) ∈ H⋊ G:
ψ(a, g) := a ⋆h 1g ∈ G
2
Corollary 3.15. The functor G 7−→ GG is an equivalence of categories between the categories of
topological 2–groupoids and strict homomorphisms and the category of crossed modules of topological
groupoids and strict morphisms.
3.5 Transformations and strong equivalences
We define a strong notion of equivalence of groupoid crossed modules. We will need the following
which generalizes the notion of crossed homomorphisms ([10]) for topological groupoids.
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Definition 3.16. Let H
∂ ❄⑧ G be a groupoid crossed module, Γ⇒ Γ0 a topological groupoid.
A G–crossed homomorphism Γ
(ϕ,λ)
−→ H consists of a pair (ϕ, λ) where ϕ : Γ −→ G is a strict morphism
of topological groupoids and λ : Γ −→ H is a continuous map such that
• the diagram below commutes
Γ
λ //
ϕ

H
t

G
s // G0
that is, λ(γ) ∈ Hϕ(t(γ)), for every γ ∈ Γ;
• λ(γγ′) = λ(γ)λ(γ′)ϕ(γ)
−1
, for every composable pair (γ, γ′) ∈ Γ(2).
In particular, when Γ = G, a continuous map λ : G −→ H is called a crossed homomorphism if
(idG , λ) is a G–crossed homomorphism; that is, λ(g) ∈ H
t(g) for every g ∈ G and
λ(gg′) = λ(g)λ(g′)g
−1
when g and g′ are composable.
Definition 3.17. Let G1 and G2 be groupoid crossed modules with unit spaces X1 and X2,
respectively, and χ, κ : G1 −→ G2 be two strict morphisms of crossed modules. A transformation
χ κ is a pair (T, λ) where T : X1 −→ G2 and λ : G1 −→ H2 are continuous maps satisfying the
following properties:
(T1) For every x1 ∈ X1, T (x1) is an arrow from χ(x1) to κ(x1) in G2.
(T2) G1
(χ,λ)
−→ H2 is a G2–crossed homomorphism.
(T3) For every arrow x1
g1−→ y1 ∈ G1, the relation κ(g1)T (x1) = T (y1)∂2(λ(g1))χ(g1) holds.
(T4) κ(h1)
T (x1) = λ(∂1(h1))χ(h1) for all x1 ∈ X1 and h1 ∈ H
x1
1 .
Notice that in the particular case where λ is trivial, that is λ(G1) ⊂ X2, then it follows from (T3)
that every arrow x1
g1−→ y1 ∈ G1 induces a commutative diagram
χ(x1)
T (x1) //
χ(g1)

κ(x1)
κ(g1)

χ(y1)
T (y1) // κ(y1)
of arrows in G2, so that T is a natural transformation from the groupoid strict morphism χ
r : G1 −→
G2 to κ
r ([11]).
As an example of transformations of strict morphisms between crossed modules, we have the
lemma below.
Lemma 3.18. Transformations of strict homomorphisms betweem topological 2–groupoids are
transformations of strict morphisms between the associated groupoid crossed modules.
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Proof. Let G and H be topological 2–groupoids, φ,ψ : G −→ H two strict homomorphisms. As-
sume φ
v
=⇒ ψ is a transformation. Denote by GG and GH the groupoid crossed modules as-
sociated to G and H, respectively, and φ,ψ : GG −→ GH the induced strict morphisms. We
write GG = H1
❄⑧G1, and GH = H2
❄⑧H1. Then we obtain the desired transformation
φ (T,λ) ψ by letting T : G0 −→ H1 to be defined by T (x) := vx, and defining the function
λ : G1 −→ H2 by the horizontal composition
χ(y) κ(y)
v−1y
ii
v−1y
uu

1
v
−1
y χ(x)
vyχ(g)
ii
κ(g)vx
uu

vg κ(x)
v−1x
ii
v−1x
uu

1
v
−1
x κ(y)
κ(g)−1
ii
κ(g)−1
uu

1
κ(g)−1 χ(y)
vy
ii
vy
uu

1vy
That is, for x
g
−→ y ∈ G1, we set
λ(g) := 1
v−1y
⋆hvg ⋆h 1v−1x ⋆h 1κ(g)−1 ⋆h 1vy : 1χ(y) =⇒ χ(g)v
−1
x κ(g)
−1vy ∈ H2
It is left to the reader to check that (T, λ) indeed satisfies all the axioms (T1)– (T4).
Lemma 3.19. Transformations between strict morphisms of groupoid crossed modules induce trans-
formations between the induced morphisms between the associated topological 2–groupoids.
Proof. Indeed, let (T, λ) : χ κ be as in Definition 3.17, then for every arrow x1
g1
−→ y1 in G1,
we have the 2–arrow
χ(x1)
T (x1) //
χ(g1)

κ(x1)
κ(g1)

vg1
w ✈✈
✈✈
✈✈
✈✈
✈✈
✈✈
χ(y1)
T (y1)
// κ(y1)
in the 2–groupoid H2 ⋊ G2 ⇒ G2 ⇒ X2, where
vg1 := ((λ(g1)
T (y1)−1)−1, κr(g1)T (x1)) ∈ H2 ⋊ G2. (3)
Moreover, given a 2–arrow (h1, g1) : g1 =⇒ ∂1(h1)g1 in H1 ⋊ G1 ⇒ G1 ⇒ X1, axioms (T3)
and (T4) gives the commutative diagram of 2–arrows in H2 ⋊ G2 ⇒ G2 ⇒ X2
κ(g1)T (x1)
vg1 +3
(κ(h1), κ(g1)T (x1))

T (y1)χ(g1)
(χ(h)T (y1)
−1
, T (y1)χ(g1))

∂2(κ(h1))κ(g1)T (x1)
v∂1(h1)g1 +3 T (y1)∂2(χ(h1))χ(g1)
Hence, we get the transformation v : G1 −→ H2 ⋊ G2 from χ to κ as strict homomorphisms of
topological 2–groupoids G1 −→ G2, where vx1 = T (x1) for x1 ∈ X1, and for g1 ∈ G1, the 2–arrow
vg1 ∈ H2 ⋊ G2 is given by (3).
Proposition 3.20. Let χ and κ be strict morphisms from the groupoid crossed module G1 to G2
with same unit space X. Assume χ (T,λ) κ is a transformation of strict morphisms. Then, the
map
H2 ⋊χ G1 −→ H2 ⋊κ G1
(h2, g1) 7−→
(
h
T (t(g1))−1
2 , g1
)
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is an isomorphism of topological groupoids.
Proof. Straightforward.
Definition 3.21. A strict morphism χ : G1 −→ G2 is called a strong equivalence provided that there
exist a strict morphism κ : G2 −→ G1 and transformations χ ◦ κ
(T,λ) idG2 and κ ◦ χ
(T ′,λ′) idG1 .
Two crossed modules are said to be strongly equivalent if there is a strong equivalence between
them.
By virtue of Lemma 3.18 and Lemma 3.19, we immediately have the following.
Proposition 3.22. Two groupoid crossed modules are strongly equivalent if and only if their as-
sociated topological 2–groupoids are.
3.6 Hypercovers
Definition 3.23. A strict morphism of groupoid crossed modules
H1
χ

∂1 // G1
χ

H2
∂2 // G2
is called a hypercover if the induced homomorphism of 2–groupoids between the associated 2–
groupoids
H1 ⋊ G1
//s2
t2
//
χ×χ

G1
//s
t
//
χ

X1
χ

H2 ⋊ G2
//s2
t2
// G2
//s
t
// X2
is a weak equivalence.
It is an immediate observation that the composition of hypercovers is a hypercover.
Remark 3.24. In particular, a hypercover from G1 to G2 gives a Morita equivalence of topological
groupoids between the semidirect product groupoids H1 ⋊ G1 ⇒ G1 and H2 ⋊ G2 ⇒ G2, thanks to
Remark 2.10.
Example 3.25. Let H
∂ ❄⑧ G be a crossed module and σ : Z −→ G0 a continuous surjection.
Then the strict morphism
H[Z]
pr2

σ∗∂ // G[Z]
pr2

H
∂ // G
is a hypercover.
As a consequence of Proposition 2.12, Lemma 3.18 and Lemma 3.19, we have the result below.
Proposition 3.26. Every strong equivalence of crossed modules of topological groupoids is a hy-
percover.
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Definition 3.27. A Morita equivalence between two crossed modules of topological groupoids G1
and G2 is a sequence (G˜1, χ1), · · · , (G˜n, χn) where for i = 1, · · · , n, G˜i is a crossed module of
topological groupoids with G˜1 = G1 and G˜n = G2, and for 1 ≤ i ≤ n− 1, χi is either a hypercover
G˜i −→ G˜i+1 either a hypercover G˜i+1 −→ G˜i. In such a case, we say that G1 and G2 are Morita
equivalent.
In particular,
Proposition 3.28. Two groupoid crossed modules are Morita equivalent if and only if their asso-
ciated topological 2–groupoids are.
4 Crossed extensions
Our goal is to give more concrete notions of weak homomorphisms and Morita equivalences of
groupoid crossed modules, hence of topological 2–groupoids.
4.1 Crossings
In this section we introduce the notion of crossings and crossed extensions between groupoid crossed
modules. In the sequel we write TL for Top left, TR for top right, BL for bottom left, and BR
for bottom right.
Proposition 4.1. Let
H1
χl

∂1 // G1
χr

H2
∂2 // G2
be a strict morphism of groupoid crossed modules with same unit space X = H01 = G
0
1 = H
0
2 = G
0
2 .
Then there exists a topological groupoid M //// X and commutative diagrams
H1
∂1 //
α1 !!❈
❈❈
❈❈
❈❈
G1
M
α2
>>⑤⑤⑤⑤⑤⑤⑤
β2
  ❇
❇❇
❇❇
❇❇
❇
H2
β1
==④④④④④④④④ ∂2 // G2
(4)
such that
(CR1) αi and βi, i = 1, 2 are the identity map on the unit space X;
(CR2) the diagonals are complexes of topological groupoids over X;
(CR3) the diagonal BL-TR is an extension of topological groupoids over X;
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(CR4) the following equations hold
α1(h
α2(m)
1 ) = m
−1α1(h1)m, ∀m ∈M, h1 ∈ H
s(α2(m))
1 , t(m) = α1(s(h1)), (5)
β1(h
β2(m)
2 ) = m
−1β1(h2)m, ∀m ∈M, h2 ∈ H
s(β2(m))
2 , t(m) = β1(s(h2)) (6)
Proof. Let M be the semidirect product groupoid H2 ⋊ G1
//// X associated to χ (see Defini-
tion 3.9). Next, define the groupoid morphisms
α1 : H1 ∋ h1 7−→ (χ(h
−1
1 ), ∂1(h1)) ∈M, α2 : M∋ (h2, g1) 7−→ g1 ∈ G1,
and
β1 : H2 ∋ h2 7−→ (h2, s(h2)) ∈M, β2 : M∋ (h2, g1) 7−→ ∂2(h2)χ(g1) ∈ G2.
Then, it is easy to check that the quintuple (H2 ⋊ G1, α1, α2, β1, β2) satisfies the commutative
diagram (4) as well as relations (5) and (6).
Definition 4.2. Let G1 and G2 be two groupoid crossed modules with unit spaces G
0
1 = X1 and
G02 = X2. A crossing from G1 to G2 consists of a quintuple (M, α1, α2, β1, β2), where M⇒M
0 is
a topological groupoid together with two continuous maps
X1
τ
←−M0
σ
−→ X2
and α1 : H1[M
0] −→ M, α2 : M −→ G1[M
0], β1 : H2[M
0] −→ M, and β2 : M −→ G2[M
0] are
groupoid strict morphisms making the following
H1[M
0]
τ∗∂1 //
α1
$$❍
❍❍
❍❍
❍❍
❍❍
G1[M
0]
M
α2
;;✈✈✈✈✈✈✈✈
β2
##❍
❍❍
❍❍
❍❍
❍❍
H2[M
0]
β1
::✈✈✈✈✈✈✈✈✈
σ∗∂2 // G2[M
0]
(7)
a commutative diagram satisfying to axioms (CR1), (CR2), (CR3), and (CR4). We will usually
omit the morphisms αi, βi, i = 1, 2.
An endocrossing of a groupoid crossed module G is a crossing from G to itself.
Definition 4.3. A crossed extension is a triple (G1,M,G2) where G1,G2 are groupoid crossed
modules and M is a crossing from G1 to G2 and from G2 to G1; that is, there are commutative
diagrams such as (7) satisfying (CR1) - (CR4) and the following axiom
(CR3’) the diagonal TL - BR is an extension of topological groupoids.
We also say that M is a crossed extension of G1 and G2.
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We will use the following notations.
Remark 4.4. Notice that if M = (M, α1, α2, β1, β2) is a crossed extension of G1 and G2, then
M¯ = (M, β1, β2, α1, α2)
is a crossing from G1 to G2, and is actually a crossed extension of G2 and G1.
Remark 4.5. Note our notion of crossed extension should not be confused with Holt’s crossed
sequences [7].
Example 4.6. Let G ⇒ X be a topological groupoid and p : A −→ X a G–module. Any groupoid
A–extension A
ι
→֒ G˜
π
։ G defines a crossed extension via the commutative diagram
A
p //
ι
❂
❂❂
❂❂
❂❂
❂ G
G˜
π
@@✁✁✁✁✁✁✁✁
π
❂
❂❂
❂❂
❂❂
❂
A
ι
@@✁✁✁✁✁✁✁ p // G
Conversely, a crossed extension of A ❄⑧ G and itself is a groupoid A–extension of G.
Example 4.7. Given two crossed modules of groups G1 = H1
❄⑧ G1 and G2 = H2
❄⑧ G2, a
crossing from G1 to G2 is a butterfly, and a crossed extension (G1,M,G2) is a flippable butterfly as
defined by Noohi [13] and Aldrovandi-Noohi [1].
Example 4.8. Let Γ ⇒ Γ0 be a topological groupoid viewed as a groupoid crossed module via the
inclusion map Γ0
i
→֒ Γ and the trivial group bundle Γ0 −→ Γ0. Let G = H ❄⑧ G be a groupoid
crossed module with unit space Γ0. Then ifM⇒ Γ0 is a crossing between Γ and G, the morphism
β2 is a groupoid isomorphism M∼= G and G is a groupoid H–extension of Γ. In fact, we will show
by Theorem 5.22 that all groupoid extensions are obtained this way.
Example 4.9. Let Γ⇒ Γ0 and G ⇒ G0 be topological groupoids regarded as crossed modules as in
Example 4.8. Then a crossed extensionM⇒M0 of Γ and G is the same thing a Morita equivalence
between Γ and G. Indeed, if the crossed extension is given by the maps Γ0
τ
←− M0
σ
−→ G0, then
we get a commutative diagram of the form
M0

 // p
!!❈
❈❈
❈❈
❈❈
❈❈
Γ[M0]
M
α2
;;①①①①①①①①
β2
##❋
❋❋
❋❋
❋❋
❋❋
M0
.

==④④④④④④④④

 // G[M0]
where α2 and β2 are groupoid isomorphisms. The converse is obvious by the characterizations of
groupoid Morita equivalence (see for instance [11,12]) and the very definition of crossed extensions.
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Example 4.10. From Proposition 4.1, we see that any strict morphism of crossed modules from G1
to G2 with the same unit space X induces the crossing H2 ⋊ G1 from G1 to G2, with the maps τ
and σ taken to be the identity map idX .
More generally, we have the following.
Proposition 4.11. Every strict morphism of groupoid crossed modules induces a crossing.
Proof. Let G1,G2 be groupoid crossed modules with unit spaces X1 and X2, respectively, and
suppose χ : G1 −→ G2 is a strict morphism. Put Zχ := X1 ×χ,t G2 and define the continuous maps
X1 Zχ
τoo σ // X2
by τ(x, g2) := x and σ(x, g2) := s(g2). Then we obtain the strict morphism (χ˜
l, χ˜r) : τ∗G1 −→ σ
∗G2
of crossed modules with the same unit space Zχ, where the groupoid morphisms χ˜
l : H1[τ ] −→ H2[σ]
and χ˜r : τ∗G1 −→ σ
∗G2 are given by
χ˜l : H1[Zχ] ∋ ((x, g2), h1) 7−→ ((x, g2), χ
l(h1)
g2) ∈ H2[Zχ],
χ˜r : G1[Zχ] ∋ ((y, f2), g1, (x, g2)) 7−→ ((y, f2), f
−1
2 χ
r(g1)g2, (x, g2)) ∈ G2[Zχ].
Hence, by Proposition 4.1, the groupoid semidirect product H2[Zχ] ⋊ G1[Zχ] ⇒ Zχ the desired
crossing from G1 to G2 over Zχ.
Proposition 4.12. Let (M, α1, α2, β1, β2) be a crossing between G1 and G2. Then the images of
α1 and β1 commute in M.
Proof. For the sake of simplicity, we may assume both crossed modules and the groupoid M have
the same unit space, and that X, and that τ = σ = idX (since otherwise we would just consider
the pullback groupoids). Let h1 ∈ H1 and h2 ∈ H2 such that s(h1) = s(h2). Then, by (CR2)
and (CR3), we have
α1(h1)β1(h2) = β1(h2)(β1(h2)
−1α1(h1)β1(h2)) = β1(h2)α1(h
α2(b1(h2))
1 ) = β1(h2)α1(h1).
In particular, the above proposition implies that all the fibers α1(H1[M
0]) ∩ β1(H2[M
0])x
of the bundle α1(H1[M
0]) ∩ β1(H2[M
0]) −→ M0 over x ∈ M0 are abelian groups; therefore,
α1(H1[M
0]) ∩ β1(H2[M
0]) is an M–module.
Proposition 4.13. Let G1 and G2 be groupoid crossed modules with unit spaces X1 and X2. If
χ : G1 −→ G2 is a hypercover, then the groupoid H2[Zχ]⋊ G1[Zχ]⇒ Zχ, with Zχ := X1 ×χ,t G2, is
a crossed extension of G1 and G2.
Proof. Thanks to Proposition 4.11, we may assume that all of the groupoids involved have the same
unit space X. We then show that the semidirect product groupoid associated to the hypercover
χ defines a crossed extension. But for this, it only remains to show that the quadruple (H2 ⋊
G1, α1, α2, β1, β2) defined in the proof of Proposition 4.1 satisfies axiom (CR3’); that is, we need
to show that the sequence
H1
α1−→ H2 ⋊ G1
β2−→ G2
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is exact, where α1(h1) = (χ(h
−1
1 ), ∂1(h1)) and β2(h2, g1) = ∂2(h2)χ(g1). But since the induced
strict homomorphism of topological 2–groupoids χ : GG1 −→ GG2 is a weak equivalence, the map
H1 ⋊ G1 ∋ (h1, g1) 7−→ (∂1(h1)g1, (χ(h1), χ(g1)), g1) ∈ G1 ×χ,t2 (H2 ⋊ G2)×s2,χ G1
is a homeomorphism. Therefore, if (h2, g1), (h
′
2, g
′
1) ∈ H2⋊G1 are such that β2(h2, g1) = β2(h
′
2, g
′
1),
so that
(g1, (h2(h
′
2)
−1, χ(g′1)), g
′
1) ∈ G1 ×χ,t2 (H2 ⋊ G2)×s2,χ G1 ,
then there exists a unique h1 ∈ H
t(g′1)
1 such that g
′
1 = ∂1(h
−1
1 )g
′
1 and h2(h
′
2)
−1 = χ(h−11 ), hence
(h′2, g
′
1) = (h2χ(h
−1
1 ), ∂1(h1)g1) = α1(h1) · (h2, g1)
which implies exactness of the sequence.
Definition 4.14 (Trivial crossed extension). Let G be a groupoid crossed module. The trivial
crossed extension of G is the endocrossing obtained by applying the construction in Proposition 4.1
to the identity strict morphism of crossed modules
H
∂ //
id

G
id

H
∂ // G
That is, the groupoid semidirect product H⋊ G ⇒ G0, together with the homomorphisms
α1 : H ∋ h 7−→ (h
−1, ∂(h)) ∈ H⋊ G ,
α2 : H⋊ G ∋ (h, g) 7−→ g ∈ G ,
β1 : H ∋ h 7−→ (h, s(h)) ∈ H⋊ G ,
β2 : H⋊ G ∋ (h, g) 7−→ ∂(h)g ∈ G.
This crossed extension will be denoted by OG.
Notations 4.15. If G1 and G2 are groupoid crossed modules, we will write
G1
M
G2
to say that the groupoid M ⇒ M0 is a crossing from G1 to G2. Moreover, if M is a crossed
extension of G1 and G2, we write
G1
M
G2.
Also, we will use the notation G1 G2 without subscript to say that both crossed modules
admit a crossed extension.
25
4.2 Decomposition
In this section we examine how crossings decompose into strict morphisms of groupoid crossed
modules.
Theorem 4.16. Let G1,G2 be groupoid crossed modules, and G1
M
G2 be a crossing. Then
there exists a third groupoid crossed module G′ and a zig-zag chain of strict morphisms
G1 ←− G
′ −→ G2 (8)
such that the leftward arrow is a hypercover. In other words, M induces a weak homomorphism of
the associated topological 2–groupoids from GG1 to GG2 .
Proof. We first assume that both crossed modules have the same unit space G01 = G
0
2 = X and that
the crossing M has unit space M0 = X together with trivial maps τ = σ = idX , with respect to
the commutative diagram
H1
∂1 //
α1 !!❈
❈❈
❈❈
❈❈
G1
M
α2
>>⑤⑤⑤⑤⑤⑤⑤
β2
  ❇
❇❇
❇❇
❇❇
❇
H2
β1
==④④④④④④④④ ∂2 // G2
ThenM acts by automorphisms on H1 and H2 through the compositions M
α2−→ G1 −→ Aut(H1)
and M
β2
−→ G2 −→ Aut(H2), respectively. Now, notice that the fibered product
H1 ×X H2 = {(h1, h2) ∈ H1 ×H2 | s(h1) = s(h2)}
has the structure of topological groupoid with unit space X, where composition and inverse maps
are components-wise; in fact it is a bundle of topological groups over X. Furthermore, M acts by
automorphisms on H1 ×X H2 by
(h1, h2)
m := (h
α2(m)
1 , h
β2(m)
2 ), for (h1, h2) ∈ H
t(α2(m))
1 ×H
t(β2(m))
2 .
Moreover, together with this groupoid action by automorphisms, the groupoid morphism
α1 · β1 : H1 ×X H2 ∋ (h1, h2) 7−→ α1(h1)β1(h2) = β1(h2)α1(h1) ∈M
we get the crossed module of topological groupoids G′ := H1×XH2
α1·β1❄⑧ M with unit space X.
What’s more, we have the following two strict morphisms
H1
∂1 // G1
H1 ×X H2
pr1
OO
pr2

α1·β1 //M
α2
OO
β2

H2
∂2 // G2
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We claim that the upper strict morphism χ := (pr1, α2) : G
′ −→ G1 is a hypercover. Indeed, it is
clear that, since α2 is surjective, the maps
X ×α2,tM∋ (x,m) 7−→ s(m) ∈ X
and
M×α2,t2 (H1 ⋊M) ∋ (m, (h1, g1)) 7−→ (t(m), g1, s(m)) ∈ X ×α2,t G1 ×s,α2 X
are continuous surjections. Also, since β1 is injective, the continuous map
(H1 ×X H2)⋊M∋ ((h1, h2),m) 7−→ (α1(h1)β1(h2)m, (h1, α2(m)),m) ∈ (H1 ⋊ G1)[M]
is injective. To see that this last map is also surjective, take any element (m2, (h1, g1),m1) ∈
(H1 ⋊ G1)[M]. Then α2(m1) = g1 and α2(m2) = ∂1(h1)α2(m1) = α2(α1(h1)m1). Hence, since the
sequence
H2
β1
−→M
α2−→M
is exact, there is a unique h2 ∈ H2 such that m2 = β2(h2)α1(h1)m1 = α1(h1)β2(h2)m1. This means
that ((h1, h2),m1) ∈ (H1 ×X H2)⋊M is sent to (m2, (h1, g1),m1) through the above map, which
implies surjectivity; therefore the map is a homeomorphism. Finally, in the general case, the same
constructions apply on pullbacks to get the strict morphisms
G1 ←− G1[M
0]
(pr1,α2)
←− G′
(pr2,β2)
−→ G2[M
0] −→ G2
where G′ is the crossed module H1[M
0] ×M0 H2[M
0] ❄⑧M. We then achieve the proof by
noticing that the composite of the leftward arrows is a hypercover.
Corollary 4.17. Assume two given groupoid crossed modules admit a crossed extension. Then
they are Morita equivalent.
Proof. The constructions and arguments in the proof of Theorem 4.16 can be used to get the zig-zag
chain of hypercovers
G1
(pr1,α2)
←− G′
(pr2,β2)
−→ G2
Theorem 4.18. Let G1
M
G2 be a crossing of groupoid crossed modules. Then the topological
groupoids H1 ⋊ G1 ⇒ G1 and (H1[M0]×M0 H2[M
0])⋊M⇒M are Morita equivalent.
Proof. By the constructions in the proof of Theorem 4.16, the crossing M⇒M0 induces a hyper-
cover
G1
χ
←− G′
where G′ is the crossed module H1[M
0] ×M0 H2[M
0] ❄⑧M. We then conclude using Re-
mark 3.24.
Corollary 4.19. Assume the groupoid crossed modules G1 and G2 have a crossed extension. Then
the vertical semidirect product groupoids H1 ⋊ G1 ⇒ G1 and H2 ⋊ G2 ⇒ G2 are Morita equivalent.
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4.3 Diamond product
Our goal in this section is to show how to concatenate crossings of groupoid crossed modules; that
is, given two crossings G1
M
G2
N
G3, we want to be able to get a crossing
G1
P
G3.
Definition 4.20. Let G be a groupoid crossed module with unit space X, M ⇒ X and N ⇒ X
two topological groupoids together with a commutative diagram
M
β2
  ❆
❆❆
❆❆
❆❆
❆
H
β1
>>⑥⑥⑥⑥⑥⑥⑥⑥
∂ //
δ1   ❆
❆❆
❆❆
❆❆
❆ G
N
δ2
>>⑥⑥⑥⑥⑥⑥⑥⑥
of strict morphisms of topological groupoids such that
β1(h
β2(m)) = m−1β1(h)m,∀h ∈ H,m ∈Ms(h), and
δ1(h
δ2(n)) = n−1δ1(h)n, ∀h ∈ H, n ∈ Ns(h).
(9)
We define the diamond product M
H
G
N by
M
H
G
N :=M×G N/∼ := {(m,n) ∈M×N | β2(m) = δ2(n)}/∼
where the equivalence relation ’∼’ in M×G2 N is generated by
(β1(h)m, δ1(h)n) ∼ (m,n), for h ∈ H, s(h2) = s(m) = s(n)
We will write [m,n] for the class of (m,n) in M
H
G
N .
Notice that the diamond productM
H
G
N , equipped with the quotient topology, is a topological
groupoid with unit space X. More precisely, the source and target maps are
s([m,n]) := s(m) = s(n), t([m,n]) := t(m) = t(n) ,
(these are well defined since the strict groupoid morphisms β2 and δ2 are the identities on X),
composition is [m,n][m′, n′] := [mm′, nn′] when both products are defined and the inverse is
[m,n]−1 := [m−1, n−1]. To see that the composition is well defined, notice that thanks to (9),
given h ∈ H and (m,n), (m′, n′) ∈M×G N such that t(m) = s(h) = s(m
′), we get
(
mβ1(h)m
′, nδ1(h)n
′
)
=
(
β1(h
β2(m−1))mm′, δ1(h
δ2(n−1))nn′
)
∼ (mm′, nn′)
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Lemma 4.21. Let Gi, i = 1, 2, 3 be groupoid crossed modules with the same unit space X. Assume
two topological groupoids M ⇒ X and N ⇒ X are such that G1
M
G2 and G2
N
G3 are
crossings with respect to the identity maps and the commutative diagrams
H1
∂1 //
α1 !!❈
❈❈
❈❈
❈❈
G1 H2
δ1 !!❇
❇❇
❇❇
❇❇
∂2 // G2
M
α2
>>⑤⑤⑤⑤⑤⑤⑤
β2
  ❇
❇❇
❇❇
❇❇
❇ N
δ2
>>⑥⑥⑥⑥⑥⑥⑥
θ2
  ❆
❆❆
❆❆
❆❆
❆
H2
∂2 //
β1
==④④④④④④④④
G2 H3
∂3 //
θ1
==⑤⑤⑤⑤⑤⑤⑤⑤
G3
Then the topological groupoid M
H2
G2
N ⇒ X is a crossing from G1 to G3 with respect to the strict
morphisms
α1 δ1 : H1 ∋ h1 7−→ [α1(h1), s(h1)] ∈M
H2
G2
N
α2 δ2 : M
H2
G2
N ∋ [m,n] 7−→ α2(m) ∈ G1
β1 θ1 : H3 ∋ h3 7−→ [s(h3), θ1(h3)]
β2 θ2 : M
H2
G2
N ∋ [m,n] 7−→ θ2(n) ∈ G3
Furthermore, M
H2
G2
N is a crossed extension if M and N are.
Proof. Straightforward.
More generally,
Definition and Proposition 4.22. Suppose M ⇒M0 and N ⇒ N 0 are crossings from G1 to
G2 and from G2 to G3, respectively, with respect to the continuous maps
G01 M
0τ1oo σ1 // G02 N
0τ2oo σ2 // G03
and the commutative diagrams
H1[M
0]
τ∗1 ∂1 //
α1
$$❍
❍❍
❍❍
❍❍
❍❍
G1[M
0]
M
α2
88rrrrrrrrrr
β2
&&▲▲
▲▲
▲▲
▲▲
▲▲
H2[M
0]
β1
::✈✈✈✈✈✈✈✈✈ σ∗1∂2 // G2[M
0]
H2[N
0]
τ∗2 ∂2 //
δ1 ##●
●●
●●
●●
●●
G2[N
0]
N
δ2
;;①①①①①①①①①
θ2
##❋
❋❋
❋❋
❋❋
❋❋
H3[N
0]
θ1
;;✇✇✇✇✇✇✇✇✇ σ∗2∂3 // G3[N
0]
Consider the canonical projections pr1 : M
0 ×G02
N 0 ։M0 and pr2 : M
0 ×G02
N 0 ։ N 0. Then
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(i) H1[M
0 ×G02 N
0] ∼= H1[M
0]×σ1◦s,τ2 N
0 and G1[M
0×G02 N
0] ∼= N 0×τ2,σ1◦t G1[M
0]×σ1◦s,τ2 N
0
as groupoids over M0 ×G02 N
0.
(ii) H3[M
0×G02 N
0] ∼=M0×σ1,τ2◦sH3[N
0] and G3[M
0×G02 N
0] ∼=M0×σ1,τ2◦t G3[N
0]×τ2◦s,σ1M
0
as groupoids over M0 ×G02 N
0.
(iii) The topological groupoid M G2N ⇒M
0 ×G02 N
0, where
M G2N :=M[M
0 ×G02 N
0]
H2[M0×G0
2
N 0]
G2[M0×G0
2
N 0]
N [M0 ×G02 N
0] ,
is a crossing from G1 to G3 with respect to the maps
G01 M
0 ×G02 N
0pr1◦τ1oo pr2◦σ2 // G03
and the associated strict morphisms corresponding to the construction of Lemma 4.21 which
will be denoted αi G2δi and βi G2θi, i = 1, 2.
We call the groupoid M G2N ⇒ M
0 ×G02 N
0 the diamond product of the crossings M ⇒ M0
and N ⇒ N 0. Moreover, G1
M G2N
G3 is a crossed extension if G1
M
G2 and G2
N
G3 are
crossed extensions.
Proof. (i) and (ii) are immediate consequences of the definition of the pullback of a groupoid. (iii)
The groupoid M G2N ⇒M
0 ×G02 N
0 is a crossing from G1[M
0 ×G02 N
0] to G3[M
0 ×G02 N
0] over
the unit space M0 ×G02 N
0, thanks to Lemma 4.21. The last statement is obvious.
We have already seen that crossed extensions imply Morita equivalences of groupoid crossed
modules (see Corollary 4.17). Now, diamond product allows us to prove the converse. Specifically,
we show that crossed extensions provide, in a sense, a more concrete interpretation of Morita
equivalences of groupoid crossed modules. More precisely, we have the result below.
Theorem 4.23. Let G1 and G2 be two crossed modules of topological groupoids. Then, G1 G2
if and only if G1 and G2 are Morita equivalent.
Proof. (=⇒): See Corollary 4.17. (⇐=) : Let (G˜i, χi), i = 1, · · · , n be as in Definition 3.27. Using
the diamond product of crossed extensions, it suffices to show that no matter the directions of the
hypercovers χi = (χ
l
i, χ
r
i ) are, the sequence induces crossed extensions
G1 = G˜1
M1
G˜2
M2
· · ·
Mn
G˜n = G2
so that the groupoid (· · · (M1 G˜2M2) G˜3 · · · ) G˜n−1Mn−1 ⇒M
0
1 ×G˜02
M02 ×G˜03
· · · ×G˜0n−1
M0n−1 is
a crossed extension of G1 and G2. But this, in fact, follows from Proposition 4.13; indeed, each
hypercover χi induces a crossed extension Mi between G˜i and G˜i+1, i = 1, . . . , n− 1. .
Corollary 4.24. Let G be a crossed module of topological groupoids and let ϕ : P −→ G0 and
ψ : Q −→ G0 be two continuous surjections. Then G[P ] G[Q].
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Proof. By Proposition 3.10, we have two strict morphisms of crossed modules
G[P ] // G G[Q]oo
which actually are hypercover. We then conclude by applying Theorem 4.23.
We end this section by the following observation.
Corollary 4.25. If G1
M
G2 and ϕ : Z −→M
0 is a continuous map, then G1
M[Z]
G2.
Proof. Suppose the crossed extension M is given through the maps G01 M
0τoo σ // G02 . Notice
first that Corollary 4.24 guarantees that G1[Z] G1 and G2 G2[Z], considering the maps
τ ◦ ϕ : Z −→ G01 and σ ◦ ϕ : Z −→ G
0
2 . Therefore, G1[Z] G2[Z]. So, the main point here is
that precisely M[Z] is a crossed extension of G1[Z] and G2[Z] over Z, which indeed follows from
the commutative diagrams
H1[Z]
ϕ∗τ∗∂1 //
ϕ∗α1 $$❍
❍❍
❍❍
❍❍
❍❍
G1[Z]
M[Z]
ϕ∗α2
;;✈✈✈✈✈✈✈✈✈
ϕ∗β2
##❍
❍❍
❍❍
❍❍
❍❍
H2[Z]
ϕ∗β1
::✈✈✈✈✈✈✈✈✈ ϕ∗σ∗∂2 // G2[Z]
where
ϕ∗α1 : H1[Z] ∋ (z, h1) 7−→ (z, α1(ϕ(z), h1), z) ∈M[Z] ,
ϕ∗α2 : M[Z] ∋ (z1,m, z2) 7−→ (z1, pr2(α2(m)), z2) ∈ G1[Z] ,
ϕ∗β1 : H2[Z] ∋ (z, h2) 7−→ (z, β1(ϕ(z), h2), z) ∈M[Z], and
ϕ∗β2 : M[Z] ∋ (z1,m, z2) 7−→ (z1, pr2(β2(m)), z2) ∈ G2[Z] .
4.4 Diamond product vs semidirect product
Recall that if a crossed extensionM of the crossed modulesG1 andG2 is given by (M, α1, α2, β1, β2),
we denote by M¯ the crossed extension G2 and G1 given by the the quintuple (M, β1, β2, α1, α2).
We thus obtain the crossed extensions G1
M G2M¯
G1 and G2
M¯ G1M
G2.
Theorem 4.26. Let G1
M
G2 be a crossed extension. Then there is a Morita equivalence of
topological groupoids
M G2M¯ ∼ M¯ G1M
Corollary 4.27. Let A
ι
→֒ G˜
π
։ G be a groupoid extension. Then A⋊ G ∼= G˜
A
G
G˜.
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Before we prove the theorem, let us first assume the two crossed modules G1 and G2 have the
same unit space X and M ⇒ X is crossing with respect to the morphisms αi, βi, i = 1, 2. Then,
the morphism β1 : H2 −→M induces a groupoid left action of H2 on the topological space H1⋊M
as follows: the momentum map is the target map t : H1 ⋊M−→ X, and the action is given by
h2 · (h1,m) := (h1, β1(h2)m)
for h2 ∈ H2, (h1,m) ∈ H1 ⋊M with s(h2) = t(m). Similarly, the morphism α1 : H1 −→M define
a groupoid left action of H1 on the topological space H2 ⋊M with respect to the target map of
H2 ⋊M by h1 · (h2,m) := (h2, α1(h1)m) when the product is defined.
Definition 4.28. Let G1,G2, and M be as above. We define the crossed semidirect product M
over G2 (resp. over G1) to be the quotient spaces
H1⋊M
H2
(resp. H2⋊M
H1
). We denote these spaces
by H1 ⋊H2 M and H2 ⋊H1 M, respectively.
Lemma 4.29. Let G1 and G2 be groupoid crossed modules with same unit space X and letM⇒ X
be a crossing from G1 to G2. Then the groupoid structures of the semidirect products H1 ⋊M and
H2⋊M descend onto the crossed semidirect products H1⋊H2M and H2⋊H1M, respectively, and
both with unit space X. Moreover, the groupoids H1⋊G1 and H1⋊H2M are isomorphic. Similarly,
if M is a crossed extension, then H2 ⋊ G2 ∼= H2 ⋊H1 M.
Proof. We show the result only for H1⋊H2M as analogous arguments apply to the other quotient.
Let h2, k2 ∈ H2, and (h1,m), (k1, n) ∈ H1 ⋊M such that the product (h1, β1(h2)m)(k1, β1(k2)n)
makes sense. Then, by using the axioms of a crossing, we get
(h1, β1(h2)m)(k1, β1(k2)n) = (h1k
(α2(β1(h2)m))−1
1 , β1(h2)mβ1(k2)n)
= (h1k
α2(m)−1
1 , β1(h2)β1(k
β2(m)−1
2 )mn)
= (h1k
α2(m)−1
1 , β1(h2k
β2(m)−1
2 )mn)
This implies that the product (h1, β1(h2)m)(k1, β1(k2)n) is equivalent to (h1,m)(k1, n) in the quo-
tient space. Therefore the partial product of the semidirect product groupoid descends to a partial
product on the quotient space [h1,m] · [k1, n] := [h1k
α2(m)−1
1 ,mn], where [h1,m] is the class of
(h1,m) in the quotient. As for the inverse, we have
(h1, β1(h2)m)
−1 = ((h
α2(m)
1 )
−1,m−1β1(h2)
−1)
= ((h
α2(m)
1 )
−1, β1((h
−1
2 )
β2(m))m−1)
Thus, the formula [h1,m]
−1 := [(h
α2(m)
1 )
−1,m−1] is a well defined inversion map
H1 ⋊H2 M−→ H1 ⋊H2 M.
Also, it is clear that the source and target maps of the semidirect product descent to the quotient.
Finally, the last two statments follow from the exactness of the complexes
H1
α1−→M
β2−→ G2, and H2
β1−→M
α2−→ G1
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Proof of Theorem 4.26. Since the sequence of topological groupoid morphisms
H1[M
0]
α1−→M
β2
−→ G2[M
0] and H2[M
0]
β1
−→M
α2−→ G1[M
0]
are exact, there are continuous maps α˜1 : M×β2,G2[M0],β2M−→ H1[M
0] and β˜1 : M×α2,G1[M0],α2
M −→ H2[M
0] defined by the property that for (m1,m2) ∈ M ×β2,G2[M0],β2 M, α˜1(m1,m2)
is the unique element in H1[M
0] satisfying m2 = α1(a˜1(m1,m2))m1, and analogously, for each
element (m1,m2) ∈ M ×α2,G1,α2 M, β˜1(m1,m2) ∈ H2[M
0] is uniquely determined by m2 =
β1(β˜1(m1,m2))m1. Let
Φ1 : M G2M¯ ∋ [m1,m2] 7−→ [α˜1(m1,m2),m1] ∈ H1[M
0]⋊H2[M0]M
and
Φ2 : M¯ G1M∋ [m1,m2] 7−→ [β˜1(m1,m2),m1] ∈ H2[M
0]⋊H1[M0]M
Let us show these are the desired isomorphisms. Here again we will only deal with the former, as
similar methods apply to the latter. Φ1 is well defined, for by uniqueness, α˜1 is invariant by the
H2[M
0]–action on the fibered productM×β2,G2,β2 M; indeed, we get
α˜1(β1(h2)m1, β1(h2)m2) = α˜1(m1,m2)
α2(β1(h
−1
2 )) = α˜1(m1,m2).
Moreover, Φ1 is a groupoid morphism; indeed, by simple calculations and by uniqueness of the
elements α˜1(m1,m2), α˜1(m
′
1,m
′
2), α˜1(m1m
′
1,m2m
′
2), we have
α˜1(m1m
′
1,m2m
′
2) = α˜1(m1,m2)α˜1(m
′
1,m
′
2)
α2(m1)−1
which gives Φ1([m1,m2][m
′
1m
′
2]) = Φ1([m1,m2])Φ1([m
′
1,m
′
2]) whenever these products make sense.
Thus, since Φ1 is clearly continuous, it is a strict morphism of topological groupoids. Furthermore,
it is easy to verify that the map
Ψ1 : H1[M
0]⋊H2[M0]M∋ [h1,m] 7−→ [m,α1(h1)m] ∈M G2M¯
is a well defined strict morphism of topological groupoids and that Φ1 ◦Ψ1 = id and Ψ1 ◦Φ1 = id.
This isomorphisms, combined with Corollary 4.19 and Lemma 4.29 the desired Morita equivalence
of topological groupoids.
5 2–groupoids of crossed extensions
We define for each pair of crossed modules of topological groupoids G1 and G2, a weak 2–groupoid
XExt(G1,G2) whose objects are crossed extensions of G1 and G2.
Throughout, we denote by XExt the collection of all triples of the form (G1,M,G2) where
G1,G2 are crossed modules of topological groupoids and G1
M
G2 is a crossed extension. Such
triples will be represented by bold capital letters A,B, etc. Moreover, by virtue of the results
and observations of the preceding sections, we will avoid complicated notations and calculations by
assuming that for A = (G1,M,G2), all the groupoids involved share the same unit space X and
that τ = σ = idX ; by abuse of language, the triple A will be referred to as a crossed extension with
unit space X.
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5.1 Preliminaries on generalized morphisms of topological groupoids
We revisit generalized morphisms of topological groupoids and give a few results we are going to
use later.
LetM⇒M0 and N ⇒ N 0 be topological groupoids. Associated to any generalized morphism
M0 Z
ϕoo ψ // N 0 , there is a continuous map gZ : Z ×M0 Z −→ N completely determined
by the property that for (z, z′) ∈ Z ×M0 Z, g
Z(z, z′) is the unique element in N such that z′ =
z ·gZ(z, z′). The existence and uniqueness of gZ(z, z′) ∈ N come from the fact that the right action
of N on Z is free and principal.
Lemma 5.1. Let M,N , be topological groupoids and M0 Z
ϕoo ψ // N 0 a generalized mor-
phism. Then, the correspondence
M[Z] ∋ (z,m, z′) 7−→ (z, gZ(z,mz′), z′) ∈ N [Z]
defines a strict morphism ΦZ of topological groupoids. Furthermore, ΦZ is an isomorphism if and
only if Z is a Morita equivalence.
Proof. For (z,m, z′) ∈ M[Z], we have ϕ(mz′) = t(m) = ϕ(z), hence there exists a unique
gZ(z,mz′) ∈ N with mz′ = z · gZ(z,mz′), and the map ΦZ is well defined and continuous. More-
over, given (z′,m′, z′′) ∈M[Z], then by uniqueness we get gZ(z,mm′z′′) = gZ(z,mz′)gZ(z′,m′z′′);
therefore,
ΦZ((z,m, z′)(z′,m′, z′′)) = ΦZ(z,m, z′)ΦZ(z′,m′, z′′),
which means ΦZ is a strict morphism.
Suppose ΦZ is an isomorphism. Then for all (w,w′) ∈ Z×N 0Z, the triple (w,ψ(w), w
′) is an element
in N [Z], and there is a unique element m ∈M such that ψ(w) = gZ(w,mw′) and w = mw′. This
implies that ψ : Z −→ N 0 is a M–principal bundle, thus Z is a Morita equivalence. Conversely, if
Z is a Morita equivalence, ΦZ is obviously an isomorphism of topological groupoids.
Example 5.2. Let f : M−→ N be a strict morphism of topological groupoids and Zf :=M
0×f,N 0,t
N its induced generalized morphism. Recall that the momentum maps of Zf are
M0 Zf
pr1oo t◦pr2 // N 0
the leftM–action on Zf is given m·(x, n) := (t(m), f(m)n) when s(m) = x, and the right N–action
in (x, n) · n′ := (x, nn′) when s(n) = t(n′). Then the strict morphism ΦZf : M[Zf ] −→ N [Zf ] if
given by
ΦZf ((x1, n1),m, (x2, n2)) = ((x1, n1), n
−1
1 f(m)n2, (x2, n2))
In particular, we recover f on elements of the form ((x1, f(x1)),m, (x2, f(x2))); that is,
ΦZf ((x1, f(x1)),m, (x2, f(x2))) = ((x1, f(x1)), f(m), (x2, f(x2))).
Moreover, Zf is a Morita equivalence if and only if f is an isomorphism of topological groupoids.
34
Lemma 5.3. Let M ⇒ M0,N ⇒ N 0,R ⇒ R0 be topological groupoids and M
Z1−→ N
Z2−→ R
generalized morphisms with respect to the maps
M0 Z1
ϕ1oo ψ1 // N 0 Z2
ϕ2oo ψ2 // R0
Consider the generalized morphism M
Z1 •
N
Z2
// R . Then, for all [z1, z2], [z
′
1, z
′
2] ∈ Z1 •
N
Z2 such that
ϕ1(z1) = ϕ1(z
′
1), we have
g
Z1 •
N
Z2
([z1, z2], [z
′
1, z
′
2]) = g
Z2(z2, g
Z1(z1, z
′
1) · z
′
2)
Therefore the morphism Φ
Z1 •
N
Z2
is given by
M[Z1 •
N
Z2] ∋ ([z1, z2],m, [z
′
1, z
′
2]) 7−→ ([z1, z2], g
Z2(z2, g
Z1(z1,mz
′
1)z
′
2), [z
′
1, z
′
2]) ∈ R[Z1 •
N
Z2]
Proof. By the very definition of the actions of M and R on the space Z1 •
N
Z2, we have [z
′
1, z
′
2] =
[z1, z2]·r if and only if there is n ∈ N such that z
′
1 = z1n and nz
′
2 = z2r; which, from the definition of
the functions gZ1 and gZ2 , necessarily means n = gZ1(z1, z
′
1), hence r = g
Z2(z2, g
Z1(z1, z
′
1) · z
′
2).
5.2 Equivalences of crosssed extensions
Definition 5.4. Let A = (G1,M,G2) and B = (G3,N ,G4) be objects in XExt with unit spaces
X and Y , respectively. A Homomorphism of crossed extensions from A to B is a commutative
diagram as below
H3
∂3 //
δ1

G3
H1
∂1 //
χ1
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
α1

G1
χ1
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
N
δ2
GG✍✍✍✍✍✍✍✍✍✍✍✍✍✍
θ2
✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
M
α2
FF✌✌✌✌✌✌✌✌✌✌✌✌✌✌
β2
✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
Φ
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
H4
∂4 //
θ1
JJ
G4
H2
∂2 //
β1
JJ
χ2
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
G2
χ2
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
(10)
where the top and bottom squares are strict morphisms of crossed modules, and Φ is a groupoid
strict morphism from M⇒ X to N ⇒ Y such that for all x ∈ X, the induced maps
Φ: α1(H1)
x −→ δ1(H3)
χ1(x) (11)
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and
Φ: β1(H2)
x −→ θ1(H4)
χ2(x) (12)
are isomorphisms of topological groups.
We write A
(χ1,Φ,χ2)
−→ B or just A
Φ
−→ B for a homomorphism of crossed extensions.
In particular, a homomorphism of crossed extensions induces strict morphisms of groupoid
extensions ([8])
H1
α1 //
χ1

M
β2 //
Φ

G2
χ2

//// X

H′1
α′1 //M′
β′2 // G′2
//// X ′
and
H2
β1 //
χ2

M
α2 //
Φ

G1
χ1

//// X

H′2
β′1 //M′
α′2 // G′1
//// X ′
Also we deduce the following from the definition
Lemma 5.5. Given a homomorphism of crossed extensions as above, the commutative diagrams
below
H1
χ1

α1 //M
Φ

H2
χ2

β1 //M
Φ

H3
δ1 // N H4
θ1 // N
are strict morphisms of groupoid crossed modules.
Composition of strict morphisms A −→ B −→ C is defined in the obvious way.
Definition 5.6. A homomorphism of crossed extensions A
(χ1,Φ,χ2)
−→ B is called an equivalence of
crossed extensions if
(i) the strict morphisms of groupoids crossed modules χ1 and χ2 are hypercovers; and
(ii) Φ :M−→ N is a weak equivalence of topological groupoids.
It is clear that composition of equivalences is an equivalence of crossed extensions.
Example 5.7 (Pullback). Let A = (G1,M,G2) be a crossed extension with unit space X. Given a
continuous map ϕ : Z −→ X, the canonical projections Gi[Z] −→ Gi, i = 1, 2, and M[Z] −→ M
define a homomorphism A[Z] −→ A, where A[Z] is the pullback (G1[Z],M[Z],G2[Z]). If in
addition ϕ is surjective, then this homomorphism is an equivalence of crossed extensions.
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Proposition 5.8. Let A = (G1,M,G2) ∈ XExt where the crossed extension G1
M
G2 is defined
with respect to the maps
G01
τ
←−M0
σ
−→ G02
Consider the canonical Morita equivalence M0
t
←− M
s
−→ M0 between the topological groupoids
M and itself, and let ΦM : t∗M −→ s∗M be the associated strict morphism defined in the pre-
vious section. Then, there is an equivalence of crossed extensions t∗A
(α,ΦM,β) // s∗A where
t∗A = (t∗G1, t
∗M, t∗G2), s
∗A = (s∗G1, s
∗M, s∗G2), Φ
M : M[M] −→M[M] is the groupoid strict
morphism associated to the generalized morphismM constructed in the previous section, and where,
for i = 1, 2, we have identified t∗Gi and s
∗Gi with (τ ◦ t)
∗Gi and (σ ◦ s)
∗Gi.
Proof. We identify the element (m1, (t(m1), g, t(m2)),m2) ∈ t
∗Gi[M
0] with (m1, g,m2) ∈ t
∗Gi, and
use similar identifications for the pullbacks through the source map s and for Hi, i = 1, 2. We
define the strict morphisms α = (αl, αr) and β = (βl, βr) of crossed modules by setting
αl : t∗H1 ∋ (m,h1) 7−→ (m,h
α2(m)
1 ) ∈ s
∗H1
αr : t∗G1 ∋ (m1, g1,m2) 7−→ (m1, α2(m
−1
1 )gα2(m2),m2) ∈ s
∗G1
βl : t∗H2 ∋ (m,h2) 7−→ (m,h
β2(m)
1 ) ∈ s
∗H2
βr : t∗G2 ∋ (m1, g2,m2) 7−→ (m1, β2(m
−1
1 )g2β2(m2),m2) ∈ s
∗G2
Hence, by construction, the diagram
s∗H1
s∗∂1 //
s∗α1

s∗G1
t∗H1
t∗∂1 //
αl
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
t∗α1

t∗G1
αr
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
s∗M
s∗α2
DD✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡
s∗β2
✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
t∗M
t∗α2
DD✠✠✠✠✠✠✠✠✠✠✠✠✠✠✠
t∗β2
✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
ΦM
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
s∗H2
s∗∂2 //
s∗β1
HH
s∗G2
t∗H2
t∗∂2 //
t∗β1
II
βl
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
t∗G2
βr
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
commutes.
In particular, if A = (G1,M,G2) is a crossed extension with unit space X, then s
∗M = t∗M =
M, ΦM = idM, and 1A := (α, idM, β) is an equivalence t
∗A −→ s∗A.
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5.3 Exchangers
Our goal is to investigate a more concrete interpretation of weak morphisms of crosssings and
crossed extensions.
Definition 5.9. Let A = (G1,M,G2) and B = (G3,N ,G4) be crossed extensions with unit spaces
X and Y , respectively, through the diagrams
H1
∂1 //
α1 !!❈
❈❈
❈❈
❈❈
G1 H3
δ1 !!❇
❇❇
❇❇
❇❇
∂3 // G3
M
α2
>>⑤⑤⑤⑤⑤⑤⑤
β2
  ❇
❇❇
❇❇
❇❇
❇ N
δ2
>>⑥⑥⑥⑥⑥⑥⑥
θ2
  ❆
❆❆
❆❆
❆❆
❆
H2
∂2 //
β1
==④④④④④④④④
G2 H4
∂4 //
θ1
==⑤⑤⑤⑤⑤⑤⑤⑤
G4
A semi-exchanger from A to B consists of a generalized morphism of topological groupoids
X
ϕ
←− P
ψ
−→ Y
such that the following properties hold.
(E1) The left groupoid action of H1 and the right action of H3 on P induced by the groupoid
morphisms H1
α1−→ M and H3
δ1−→ N , respectively, are free and have the same orbit space
P
H1
= P
H3
.
(E2) The left groupoid action of H2 and the right action of H4 on P induced by the groupoid
morphisms H2
β1
−→ M and H4
θ1−→ N , respectively, are free and have the same orbit space
P
H2
= P
H4
.
An exchanger between A and B is a semi-exchanger P which defines a Morita equivalence bewteen
M and N . We write A P B for a semi-exchanger and sometimes A P B for an exchanger.
Example 5.10. If A = (G1,M,G2) with unit space X is a crossed extension, it is easy to check
that the canonical generalised morphism
X
t
←−M
s
−→ X
is an exchanger A A. We call this exchanger the trivial exchanger and denote it by IM.
Lemma 5.11. Assume A and B are crossed extensions as above and A
P
=⇒ B is an exchanger.
Then
(i) The left actions of H1 and H2 on P commute; that is α1(h1) ·(β1(h2) ·p) = β1(h2) ·(α1(h1) ·p)
for all p ∈ P, h1 ∈ H1 and h2 ∈ H2 such that the actions are defined.
(ii) The right actions of H3 and H4 on P commute; that is, δ1(h3)·(θ1(h4)·p) = θ1(h4)·(δ1(h3)·p),
for all p ∈ P, h3 ∈ H3, and h4 ∈ H4 such that the actions are defined.
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(iii) P is a generalized morphism of groupoid extensions from H1
α1−→M
β2
−→ G2 to H3
δ1−→ N
θ2−→
G4;
(iv) P is a generalized morphism of groupoid extensions from H2
β1
−→M
α2−→ G1 to H4
θ1−→ N
δ2−→
G3.
Proof. (i) and (ii) follow from Proposition 4.12 and from the associativity of the groupoid actions
of M and N on P . (iii) and (iv) are immediate consequences of axioms (E1) and (E2) and the
very definition of generalized morphisms of groupoid extensions (see for instance [8, 12]).
Proposition 5.12. Homomorphisms (resp. equivalences) of crossed extensions are semi-exchangers
(resp. exchangers).
Proof. Let A = (G1,M,G2) and B = (G3,N ,G4) be objects in XExt with unit spaces X and Y ,
respectively. If A
Φ // B is a homomorphism of crossed extensions, where Φ = (χ1,Φ, χ2) as in
Definition 5.4, we let PΦ = X ×Φ,t N be the generalized morphism of topological groupoids from
M to N
X PΦ
pr1oo pr2◦s // Y
with the leftM–action and right N–action m · (s(m), n) = (t(m),Φ(m)n) and (x, n) ·n′ = (x, nn′),
respectively. Then, the induced left H1–action and right H3–action of PΦ are
h1 · (s(h1), n) = (s(h1),Φ(α1(h1))n) = (s(h1), δ1(χ1(h1))n) and (x, n) · h3 = (x, nδ1(h3)).
It follows from the isomorphism (11) that these two actions are free and have the same orbit space
PΦ
H1
=
PΦ
H3
= X ×χ2,t G4.
Similarly, we deduce from isomorphism (12) that the induced left H2–action and right H4–action
on PΦ below
h2 · (s(h2), n) = (s(h2),Φ(β1(h2))n) = (s(h2), θ1(χ2(h2))n) and (x, n) · h4 = (x, nθ1(h4))
are free and have the same orbit space
PΦ
H2
=
PΦ
H4
= X ×χ1,t G3.
Therefore, PΦ is a semi-echanger from A to B. Obviously, if Φ : A −→ B is an equivalence, the
generalised morphism PΦ is a Morita equivalence, hence an exchanger A
PΦ B.
In particular the identity homomorphism 1A induces the exchanger A
IM A.
Semi-exchangers can be composed as it can be seen in the straightforward proposition below.
Proposition 5.13. Let A = (G1,M,G2),B = (G3,N ,G4),C = (G5,R,G6) be crossed extensions
with unit spaces X,Y , and Z, respectively. Assume A
P
B
Q
C are semi-echangers.
Then, the generalized morphism M
P •
N
Q
−→ R is a semi-exchanger from A to C. The semi-exchanger
A
P •
N
Q
B will be called the vertical composition of P with Q.
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Notice that the vertical composition of two exchangers is an exchanger.
Definition 5.14. Given A,B ∈ XExt, the collection of all semi-exchangers from A to B is denoted
by XExt(A,B).
The result below draws a link between exchangers and equivalences of crossed extensions.
Theorem 5.15. Let A,B ∈ XExt. Then there is an exchanger A P B if and only if there are
a third crossed extension P and two equivalences of crossed extensions
A←− P −→ B. (13)
Proof. (=⇒). Assume A = (G1,M,G2) and B = (G3,N ,G4) with unit spaces X and Y , and
crossings (M, α1, α2, β1, β2) and (N , δ1, δ2, θ1, θ2), respectively. Suppose
X
ϕ
←− P
ψ
−→ Y
is an exchanger from A to B. Form the projective product groupoid M ∗
P
N ⇒ P over the
Morita equivalence P . Define the topological space M
H2,H4
∗
P
N as the quotient of M ∗
P
N out
of the equivalence relation given by (m, p1, p2, n) ∼ (m
′, p1, p2, n
′) if and only if m′ = mβ1(h2)
and n′ = θ1(h4)n for some h2 ∈ H
ϕ(p2)
2 , h4 ∈ H
ψ(p1)
4 . Then it is easy to check that the groupoid
structure of M ∗
P
N descends to M
H2,H4
∗
P
N turning it into a topological groupoid with unit space
P . Moreover, we get the crossed module of topological groupoids
GP1 =
(
H1 ∗
P
H3
∂P1 ❄⑧ M
H2,H4
∗
P
N
)
by setting
• ∂P1 (h1, p, h3) := [α1(h1), p, p, θ1(h3)], for (h1, p, h3) ∈ H1 ∗
P
H3;
• (h1, p1, h3)
[m,p1,p2,n] := (h
α2(m)
1 , p2, h
δ2(n)
3 ).
With analogous reasoning, we form the topological groupoid M
H1,H3
∗
P
N ⇒ P as the quotient of
M ∗
P
N by the equivalence relation (m, p1, p2, n) ∼ (m
′, p1, p2, n
′) if and only if m′ = mα1(h1) and
n′ = δ1(h3)n for some h1 ∈ H
ϕ(p2)
1 , h3 ∈ H
ψ(p1)
3 , hence we get the groupoid crossed module
GP2 =
(
H2 ∗
P
H4
∂P2 ❄⑧ M
H1,H3
∗
P
N
)
with ∂P2 (h2, p, h4) := [β1(h2), p, p, θ1(h4)]. Furthermore, we obtain the crossed extension P =
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(GP1 ,M ∗
P
N ,GP2 ) as
H1 ∗
P
H3
∂P1 //
α1∗δ1
##●
●●
●●
●●
●●
●
M
H2,H4
∗
P
N
M ∗
P
N
π
::ttttttttttt
π′
$$❏
❏❏
❏❏
❏❏
❏
H2 ∗
P
H4
∂P2 //
β1∗θ1
;;✇✇✇✇✇✇✇✇✇✇
M
H1,H3
∗
P
N
where π and π′ are the quotient maps, and
α1 ∗ δ1(h1, p, h3) := (α1(h1), p, p, δ1(h3)), β1 ∗ θ1(h2, p, h4) := (β1(h2), p, p, θ1(h4)).
Moreover, since P is a Morita equivalence, the maps
M ∗
P
N ∋ (m, p1, p2, n) 7−→ (p1n,m, p2) ∈ P ×ϕ,tM×s,ϕ P,
and
M ∗
P
N ∋ (m, p1, p2, n) 7−→ (p1, n,mp2) ∈ P ×ψ,t N ×s,ψ P
are homeomorphisms, and the maps
P ×ϕ,tM ∋ (p,m) 7−→ s(m) ∈ X, and P ×ψ,t N ∋ (p, n) 7−→ s(n) ∈ Y
are continuous surjections; therefore the canonical projections
M
pr1
←−M ∗
P
N
pr4
−→ N
are equivalences of topological groupoids. Finally, we construct the homomorphisms of crossed
extensions below
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H1 G1
M
H2 G2
H1 ∗
P
H3 M
H2,H4
∗
P
N
M ∗
P
N
H2 ∗
P
H4 M
H1,H3
∗
P
N
H3 G3
N
H4 G4
∂1
∂2
∂P1
∂P2
∂3
∂4
χ1
χ1
pr1
χ2
χ2
κ1 κ1
pr4
κ2
κ2
where the strict morphisms of top and bottom groupoid crossed modules χi, κi, i = 1, 2, are defined
by
χ1([m, p1, p2, n]) := α2(m), χ1(h1, p, h3) := h1, χ2([m, p1, p2, n]) := β2(m), χ2(h2, p, h4) := h2,
κ1([m, p1, p2, n]) := δ2(n), κ2(h1, p, h3) := h3, κ2([m, p1, p2, n]) := θ2(n), and κ2(h2, p, h4) := h4,
which, using the properties of α2, β2, δ2, and θ2, guaranteed by axioms ((CR1)) – (CR4), can be
seen to be hypercovers; this gives the desired decomposition 13
(⇐=). Conversely, suppose we have a a chain of equivalences of crossed extensions A
Φ
←− P
Ψ
−→
B as in (13), where P = (G5,R,G6). Then, by Proposition 5.12, we have two exchangers
A
PΦ P
PΨ B
Therefore, we get the exchanger A
PΦ •
R
PΨ
B, which achieves the proof.
5.4 Morphisms of exchangers
Definition 5.16. Let A and B be crossed extensions with unit spaces X and Y , respectively, and
A
P,Q
B two semi-exchangers. A morphism from P to Q is just a morphism of generalized
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morphisms from P to Q; that is, a continuous map η : P −→ Q such that
X
P
ϕ
??⑧⑧⑧⑧⑧⑧⑧⑧
ψ ❄
❄❄
❄❄
❄❄
❄
η // Q
ϕ′
__❄❄❄❄❄❄❄❄
ψ′⑧⑧
⑧⑧
⑧⑧
⑧
Y
is commutative, and such that η commutes with the groupoid actions of M and N on P and Q.
Semi-exchanger morphisms will be symbolized as
A
B
P Q
η
or just P
η
❴ *4 Q when the crossed extensions A and B are understood. A semi-exchanger
isomorphism is a semi-exchanger morphism that is a homeomorphism such that the inverse is also
a semi-exchanger morphism.
It is easily seen that given two semi-exchanger morphisms
A
B
P
Q
T
η ζ
the composite ζ ◦ η : P −→ T of the continuous maps η and ζ is a semi-exchanger morphism from
P to T . We call the resulting morphism the horizontal composition of η with ζ, and we denote it
by η ⋆h ζ.
On the other hand, given two morphisms of semi-exchangers
A
B
C
P1 Q1
P2 Q2
η1
η2
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the continuous map
η1 ⋆v η2 : P1 •
N
P2 ∋ [p1, p2] 7−→ [η1(p1), η2(p2)] ∈ Q1 •
N
Q2
defines the morphism
A
C
P1 •
N
P2 Q1 •
N
Q2
η1 ⋆v η2
Now, let A and B be crossed extensions as usual and A
P
B an exchanger. We denote
by P¯ the topological space P equipped with the left N–action n · p¯ := pn−1 and right M–action
p¯ ·m := m−1p when the left hand sides make sense, where p¯ is p viewed as an element in P¯ . Then,
Y
ψ
←− P¯
ϕ
−→ X
together with these groupoid actions, is a generalized morphism from N to M. Moreover,
Lemma 5.17. Let A
P
B be an exchanger. Then B
P¯
=⇒ A is an exchanger. Furthermore,
there are exchanger isomorphisms P •
N
P¯ ❴*4 IM and P¯ •
M
P ❴*4 IN .
Proof. The first statement is immediate. Now, note that since P −→ X is a principal N–bundle
and P −→ Y is a principal M–bundle, the maps P ×X M ∋ (p,m) 7−→ (p, m¯p) ∈ P ×Y P¯ and
N ×Y P ∋ (n, p) 7−→ (p¯n, p) ∈ P¯ ×X P are homeomorphisms which descend to the quotients and
give two homeomorphisms P •
N
P¯
∼=−→M and P¯ •
M
P
∼=−→ N .
Theorem 5.18. The collection XExt of all crossed extensions of groupoid crossed modules is a weak
2–category whose 1–arrows are semi-exchangers and 2–arrows are semi-exchanger morphisms.
Proof. Define the source and target maps for 1–arrows in XExt in the obvious way:
s(A
P
B) := A, and t(A
P
B) := B,
and similarly one defines the source and target maps for the 2–arrows. Furthermore, by definition
of the horizontal composition of exchangers, associated to any triple of semi-exchangers A
P
B
Q
C
T
=⇒ D, where B = (G3,N ,G4),C = (G5,R,G6), there is an associator
A
D
P •
N
(Q •
R
T ) (P •
N
Q) •
R
T
aP,Q,T
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given by the map [p, [q, t]] 7−→ [[p, q], t], which is clearly a semi-exchanger isomorphisms. Moreover,
for all semi-exchanger A
P
B, we get two semi-exchanger isomorphisms
A
B
IM •
M
P P
rP
and
A
B
P •
N
IN P
lP
through the homeomorphisms
rP : IM •
M
P ∋ [m, p] 7−→ mp ∈ P and lP : P •
N
IN ∋ [p, n] 7−→ pn ∈ P.
Furthermore, we leave to the reader to check that horizontal and vertical compositions of semi-
exchanger morphisms satisfy the following coherence law
A
B
P1
Q1
T1
η1 ζ1
C
P2
Q2
T2η2 ζ2
7−→
A
C
P1 •
N
P2 T1 •
N
T2
η
where η = (η1 ⋆h ζ1) ⋆v (η2 ⋆h ζ2) = (η1 ⋆v η2) ⋆h (ζ1 ⋆v ζ2).
Corollary 5.19. Let G1 and G2 be groupoid crossed modules. The collection XExt(G1,G2) forms
a weak 2–groupoid whose objects are crossed extensions G1
M
G2, 1–arrows are exchangers, and
2–arrows are exchanger isomorphisms.
Proof. For all fixed G1 and G2, it is a consequence of the decomposition theorem of crosssings
(Theorem 4.16) that XExt(G1,G2) is indeed a set. Now, for two crossed extensions G1
M
G2
and G1
N
G2, we define
XExt(G1,G2)(M,N ) = XExt((G1,M,G2), (G1,N ,G2))
which, thanks to the preceding theorem and Lemma 5.17, is a groupoid; for, every exchanger
A
P
B has an inverse P¯ up to an exchanger isomorphism. Moreover, the composition "functor"
XExt(G1,G2)(M,N )×XExt(G1,G2)(N ,R) −→ XExt(G1,G2)(M,R)
is given by vertical composition of exchangers and the two compositions of exchanger morphisms
defined previously.
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5.5 Principal (A −→ Aut(A))–bundles over 2–groupoids
In this section we generalize the notion of principal (G −→ Aut(G))–bundles over Lie groupoids
defined in [5] to topological 2–groupoids and crossed modules of topological groupoids and show
their connection with crossings.
Definition 5.20. Let A −→ X be a bundle of topological groups and let G be a topological
2–groupoids. A principal (A −→ Aut(A))–bundle over G is a weak homomorphism from G to the
topological 2–groupoid A ⋊Aut(A) ⇒ Aut(A) ⇒ X associated to the groupoid crossed module
A ❄⑧ Aut(A).
In view of Theorem 4.16, a principal (A −→ Aut(A))–bundle over G is equivalent to a crossing
GG
M
(A
Ad ❄⑧ Aut(A)).
This suggests the following equivalent definition in terms of groupoid crossed modules and
crossings.
Definition 5.21. Let G be a groupoid crossed module. A principal (A −→ Aut(A))–bundle over
G is a crossing from G to the groupoid crossed module A
Ad ❄⑧ Aut(A).
The result below generalizes [5, Theorem 3.4].
Theorem 5.22. Let G ⇒ X be a topological groupoid and A −→ X a groupoid G–module. There
is a bijection between the set ext(G,A) of Morita equivalence classes of groupoid A–extensions and
the set of crossings (G0 ❄⑧ G) (A ❄⑧ Aut(A)) up to exchangers.
Proof. We outline the correspondence between groupoid extensions of G and crosssings. That this
correspondence respects Morita equivalences on one hand and exchangers on the other will be clear
once we will have defined horizontal compositions of exchangers in the next section. Let A
p
−→ G0
be a G–module and A
ι
−→ G˜
π
−→ G be a groupoid A–extension. Then by identifying A with its
image in G˜ via ι, Example 3.6 shows that A
ι
−→ G˜ is a groupoid crossed module with respect to
the action Adg˜(a) := g˜
−1ag˜, for a ∈ At(g˜). Consider the two strict morphisms of crossed modules
G0
ι // G
A
p
OO
ι // G˜
π
OO
Ad

A
Ad// Aut(A)
with the upper strict morphism being naturally a hypercover. Therefore, by Proposition 4.11 and
Theorem 4.23, we have the crossed extension and crossing below
(G0 ❄⑧ G)
G0⋊G˜=G˜
(A ❄⑧ G˜)
A⋊G˜
(A ❄⑧ Aut(A)),
hence the crossing G˜
A
G˜
(A⋊ G˜) from (G0 ❄⑧ G) to (A ❄⑧ Aut(G)).
Conversely, as it was shown in Example 4.8, any crossing (G0 ❄⑧ G)
M
(A ❄⑧ Aut(A))
is a groupoid A–extension of G, thanks to (CR3).
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6 The 3–category XMod
We are going to show the collection of all crossed modules of topological groupoids has the structure
of a weak 3–category. Precisely, we think of a crossing G1
M
G2 as an arrow from G1 to G2, and
given another crossing G1
N
G2, a semi-exchanger P from (G1,M,G2) to (G1,N ,G2) will be
regarded as an arrow M P N , and will be represented by a bigon
G1 G2
M
N
P
As for (semi-)exchanger morphisms, we will represent them in a way to include the crossed
modules, the crossings, and the (semi-)exchangers, altogether, as the following figure
G1 G2
M
N
P Q
η
We now want to show the following.
Theorem 6.1. There is a weak 3–category XMod whose objects are crossed modules of topological
groupoids, and in which an 1–arrow from an object G1 to an object G1 is a crossing G1 G2,
2–arrows are semi-exchangers, and 3–arrows are semi-exchanger morphisms. Furthermore, weak
identity 1–arrows are given by the trivial crossed extensions OG.
In order to prove this statement, we need a few more constructions.
6.1 Horizontal composition of exchangers
We have already seen how to concatenate "vertically" exchangers. We are now going to define a
new composition of exchangers that we will call horizontal composition. Specifically, Suppose we
have four crossed extensions (or just crossings)
G1
M1
G2
M2
G3, and G4
N1
G5
N2
G6
together with two (semi-)exchengers A1
P1 B1 and A2
P2 B2, where
A1 = (G1,M1,G2),B1 = (G2,M2,G3),A2 = (G4,N1,G5), and B2 = (G5,N2,G5).
Then, if we denote by A1 G2B1 and A2 G5B2 the crossed extensions
(G1,M1 G2M2,G3), and (G4,N1 G5N2,G6),
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we aim at constructing a new (semi-)exchanger
A1 G2B1
P1 P2 A2 G5B2
which we will call the horizontal composition of the (semi-)exchangers P1 and P2. Moreover, we
wish this construction to be compatible with vertical composition in a higher categorical sense.
For this end, we may assume that A1,B1 have common unit space X, and A2,B2 have common
unit space Y ; otherwise, as usual, it suffices to work on pullbacks. We then have the (semi-
)exchangers and commutative diagrams as below
H1
∂1 //
α1
  ❇
❇❇
❇❇
❇❇
❇
G1 H4
∂4 //
λ1   ❅
❅❅
❅❅
❅❅
❅
G4
M1
α2
>>⑥⑥⑥⑥⑥⑥⑥⑥
β2
  ❆
❆❆
❆❆
❆❆
❆
P1 N1
λ2
??⑧⑧⑧⑧⑧⑧⑧⑧
µ2
❄
❄❄
❄❄
❄❄
❄
H2
∂2 //
β1
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
δ1   ❇
❇❇
❇❇
❇❇
❇
G2 H5
µ1
>>⑦⑦⑦⑦⑦⑦⑦⑦ ∂5 //
ν1
  ❅
❅❅
❅❅
❅❅
❅
G5
M2
δ2
>>⑥⑥⑥⑥⑥⑥⑥⑥
θ2
  ❆
❆❆
❆❆
❆❆
❆
P2 N2
ν2
??⑧⑧⑧⑧⑧⑧⑧⑧
ρ2
❄
❄❄
❄❄
❄❄
❄
H3
θ1
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥ ∂3 // G3 H6
ρ1
>>⑦⑦⑦⑦⑦⑦⑦⑦ ∂6 // G6
Suppose that the (semi-)exchangers P1 and P2 are defined through the continuous maps
X
ϕ1
←− P1
ψ1
−→ Y, and X
ϕ2
←− P2
ψ2
−→ Y.
Then the pair groupoid H1 ×H5 ⇒ X × Y acts continuously on the space
(P1 ×X P2) ∩ (P1 ×Y P2)
(equipped with the induced topology of P1 × P2), through the momentum map
(p1, p2) 7−→ (ϕ2(p2), ψ1(p1))
and the formula
(h2, h5) · (p1, p2) := (β1(h2)p1µ1(h5)
−1, δ1(h2)p2ν1(h5)
−1), (14)
for (h2, h5) ∈ H
ϕ2(p2)
2 ×H
ψ1(p1)
5 .
Definition 6.2. Let A1
P1 B1 and A1
P2 B2 be as above. We define the following space
P1 P2 :=
(P1 ×X P2) ∩ (P1 ×Y P2)
H2 ×H5
where the quotient is taken out of the H2 ×H5–action (14). This space (when non-empty) will be
called the diamond product of P1 and P2 over the groupoid crossed modules G2 and G5.
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As usual, equivalence classes in this quotient will be symbolized with brackets [·, ·]. Next, equip
P1 P2 with the quotient topology and consider the canonical projections
X P1 P2
ϕ2◦pr2oo ψ1◦pr1 // Y. (15)
Now, notice we have left and right groupoid actions of M1 G2M2 ⇒ X and N1 G5N2 ⇒ Y ,
respectively given by
[m1,m2] · [p1, p2] := [m1p1,m2p2], and [p1, p2] · [n1, n2] := [p1n1, p2n2], (16)
for [m1,m2] ∈ M1 G2M2 such that s(m1) = s(m2) = ϕ1(p1) = ϕ2(p2), [n1, n2] ∈ N1 G5N2 such
that t(n1) = t(n2) = ψ1(p1) = ψ2(p2). Furthermore, we have the following
Proposition 6.3. Let A1
P1 B1 and A1
P2 B2 be semi-exchangers (resp. exchangers) as
above. Then the diamond product space P1 P2, together with the maps (15) and the actions (16),
is a generalized morphism (resp. Morita equivalence) from M1 G2M2 ⇒ X to N1 G5N2 ⇒ Y .
In fact, this construction gives us a (semi-)exchanger. Precisely,
Proposition 6.4. Let A1
P1 B1 and A2
P2 B2 be semi-exchangers (resp. exchangers) as
previously. Then P1 P2 is a semi-exchanger
(G1,M1 G2M2,G3) (G4,N1 G5N2,G6)
which is an exchanger if P2 and P2 are. This (semi-)exchanger will be labeled as the horizontal
composition of Ai
Pi Bi, i = 1, 2.
Proof. By construction of the morphisms involved in the diamond product of crossings (see Lemma 4.21),
we see that the actions of H1, H3, H4 and H6 on P1 P2, are respectively given by
h1 · [p1, p2] = [α1(h1)p1, p2], h3 · [p1, p2] = [p1, θ1(h3)p2]
[p1, p2] · h4 = [p1λ1(h4), p2], [p1, p2] · h6 = [p1, p2ρ1(h6)]
where the actions involved are well defined. Therefore, that these actions on P1 P2 satisfy (E1)
and (E2) follows from P1 and P2 satisfying these axioms.
We shall note that the use of the label "horizontal" comes from our viewing the exchanger P1 P2
as the composition of two arrows horizontally represented as below
G1
M1
P1

G2
M2
P2

G3
G4
N1
G5
N2
G6
The following proposition shows how horizontal composition is compatible (in the higher cate-
gorical sense) with the vertical composition discussed in the previous sections.
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Proposition 6.5 (Coherence law). Assume given the data of four (semi-)exchangers as below
G1
M1
P1

G2
M2
P2

G3
G4
N1
Q1

G5
N2
Q2

G6
G7
R1
G8
R2
G9
Then, there is an isomorphism of (semi-)exchangers
(P1 P2) •
N1 G5N2
(Q1 Q2)
ηP1,P2,Q1,Q2❴*4 (P1 •
N1
Q1) (P2 •
N2
Q2). (17)
Proof. The canonical map that permutes the components gives the desired isomorphism.
6.2 Spatial composition of morphisms of exchangers
We have already defined two compositions of morphisms of (semi-)exchangers: a horizontal com-
position and a vertical one. We are now defining a third one that we will call spatial composition.
Specifically, suppose we have crossings, semi-exchangers, and morphisms of exchangers as below
G1 G2 G3
M1
N1
M2
N2
P1 Q1
η
P2 Q2
ζ
Then, we get the morphism of semi-exchangers
G1 G3
M1 G2M2
N1 G2N2
P1 P2 Q1 Q2
η ζ
by setting (η ζ)([p1, p2]) := [η(p1), ζ(p2)]. Indeed, this is well defined, for the maps η : P1 −→ Q1
and ζ : Q1 −→ Q2 commutes with the groupoid actions involved. It is now a matter of simple
algebraic verifications to check the coherence laws below; so we omit the proofs.
Proposition 6.6. Suppose we have four morphisms of semi-exchangers as below
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G1 G2 G3
M1
N1
R1
M2
N2
R2
P1 Q1
S1 T1
P2 Q2
S2 T2
η1
ζ1
η2
ζ2
Then the following diagram of morphisms of semi-exchangers commutes
(P1 P2) •
N1 G2N2
(S1 S2)
(η1 η2)⋆v(ζ1 ζ2)❴ *4
✤JT
ηP1,P2,S1,S2 ✤

(Q1 Q2) •
N1 G2N2
(T1 T2)
✤JT
ηQ1,Q2,T1,T2✤

(P1 •
N1
S1) (P2 •
N2
S2)
(η1⋆vζ1) (η2⋆vζ2) ❴*4 (Q1 •
N1
T1) (Q2 •
N2
T2)
A second coherence relation upon compositions of morphisms of semi-exchangers is given by
the following proposition.
Proposition 6.7. Suppose given four morphisms of semi-exchangers as below
G1 G2 G3
M1
N1
M2
N2
P1 Q1 S1
η1 η2
P2 Q2 S2
ζ1 ζ2
Then
(η1 ζ1) ⋆h (η2 ζ2) = (η1 ⋆h η2) (ζ1 ⋆h ζ2).
6.3 Proof of Theorem 6.1
Given two groupoid crossed modules G1 and G2, we define XMod(G1,G2) be the collection of
all crossings G1
M
G2; in other words, it is the sub-collection of XExt consisting of all objects
of the form (G1,M,G2). It follows from Theorem 5.18 that XMod(G1,G2) is a weak 2–category
whose 1–arrows are semi-exchangers M N , and 2–arrows are morphisms of these. The weak
unit in XMod(G1,G2) associated to an arrow M is the trivial exchanger IM (cf. Example 5.10).
Furthermore, as a consequence of the coherence laws established in Propositions 6.5, 6.6, and 6.7,
we have the lemma below.
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Lemma 6.8. Let Gi, i = 1, 2, 3, be groupoid crossed modules. Then the assignment
: XMod(G1,G2)×XMod(G2,G3) −→ XMod(G1,G3)
sending a pair of crossings (M,N ) to the crossing M G2N together with the correspondence map-
pings on semi-exchangers and their morphisms, is a weak 2–functor.
Now, to end the proof, we show that the trivial crossed extensions are indeed weak identity
1–morphisms. More precisely, we need to show that
Proposition 6.9. Let G1 and G2 be groupoid crossed modules. For every crossing
H1
∂1 //
α1 !!❈
❈❈
❈❈
❈❈
G1
M
α2
>>⑤⑤⑤⑤⑤⑤⑤
β2
  ❇
❇❇
❇❇
❇❇
❇
H2
β1
==④④④④④④④④ ∂2 // G2
there are semi-exchangers
M G2OG2
RG2 M
R¯G2 M G2OG2
and morphisms
RG2 •
M
R¯G2
❴*4 I
M G2OG2
and R¯G2 •
M G2OG2
RG2
❴*4 IM.
Analogously, there are semi-exchangers
OG1 G1M
LG1 M
L¯G1 OG1 G1M
and morphisms
LG1 •
M
L¯G1
❴*4 I
OG1 G1M
and L¯G1 •
OG1 G1M
LG1
❴ *4 IM.
Proof. As usual, we assume, for the sake of simplicity, that both crossed modules G1 and G2 have
the common unit space X = M0. We get the semi-exchanger RG2 by setting RG2 := M and
considering the groupoid left action of M G2OG2 ⇒ X and the right groupoid action of M⇒ X
on the space M defined through the moment maps
X
t
←−M
s
−→ X
and the formulas [m, (h2, g2)] · m
′ := β1(h2)mm
′ and m′ · m′′ := mm′′, respectively. Similarly,
by taking R¯G2 to be the topological space M G2OG2 acted upon on the left by M ⇒ X via the
formula
m · [m′, (h2, g2)] · [mm
′, (h
β2(m)−1
2 , β2(m)g2)], for s(m) = t(m
′) = t(g2) = s(h2),
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and on the right by the groupoid M G2OG2 ⇒ X by groupoid multiplication, we get a semi-
exchanger. Now, the canonical projections
M •
M
(M G2OG2) −→M G2OG2
and
(M G2OG2) •
M G2OG2
M−→M
gives the desired morphisms of exchangers. Similar methods can easily be used to get LG1 and its
"weak inverse".
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